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Abstract

In this paper, we determine the b-duals of the sets wp
0ðKÞ, v

p
0ðKÞ and cp0ðKÞ for ex-

ponentially bounded sequences K. Furthermore, we characterize matrix transformations

between the sequence spaces wp
0ðKÞ; v

p
0ðKÞ; c

p
0ðKÞ ð1 < p < 1Þ and certain BK spaces.

Finally, we apply the Hausdorff measure of noncompactness to give necessary and suf-

ficient conditions for a linear operator between these spaces to be compact.
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1. Introduction

We write x for the set of all complex sequences x ¼ ðxkÞ1k¼0. Let /, ‘1, c and
c0 denote the sets of all finite, bounded, convergent and null sequences, and cs

be the set of all convergent series. We write ‘p ¼ fx 2 x :
P1

k¼0 jxkj
p
< 1g for

16 p < 1.
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By e and eðnÞ ðn 2 N0Þ, we denote the sequences such that ek ¼ 1 for

k ¼ 0; 1; . . . ; and eðnÞn ¼ 1 and eðnÞk ¼ 0 ðk 6¼ nÞ. For any sequence x ¼ ðxkÞ1k¼0, let
x½n� ¼

Pn
k¼0 xke

ðkÞ be its n-section.
Throughout, let l ¼ ðlnÞ

1
n¼0 be a nondecreasing sequence of positive reals

tending to infinity. For 0 < p < 1, we write
wp
0ðlÞ ¼ x 2 x : lim

n!1

1

lp
n

Xn
k¼0

jxkjp
(

¼ 0

)
;

wp
1ðlÞ ¼ x 2 x : sup

n

1

lp
n

Xn
k¼0

jxkjp
(

< 1
)
;

vp0ðlÞ ¼ x 2 x : lim
n!1

1

lp
n

Xn
k¼0

jxk

(
� xk�1jp ¼ 0

)
;

vp1ðlÞ ¼ x 2 x : sup
n

1

lp
n

Xn
k¼0

jxk

(
� xk�1jp < 1

)
;

cp0ðlÞ ¼ x 2 x : lim
n!1

1

lp
n

Xn
k¼0

jlkxk

(
� lk�1xk�1jp ¼ 0

)
;

cp1ðlÞ ¼ x 2 x : sup
n

1

lp
n

Xn
k¼0

jlkxk

(
� lk�1xk�1jp < 1

)

and cpðlÞ ¼ fx 2 x : x� le 2 cp0ðlÞ for some l 2 Cg (cf. [8]). If p ¼ 1, we omit

the index p in all cases; in particular, we write c0ðlÞ ¼ c10ðlÞ, cðlÞ ¼ c1ðlÞ and
c1ðlÞ ¼ c11ðlÞ for the sets of sequences that are l-strongly convergent to zero,

l-strongly convergent and l-strongly bounded (cf. [7,11]).

If ln ¼ nþ 1 for n ¼ 0; 1; . . . the sets wp
0ðlÞ and wp

1ðlÞ reduce to wp
0 and wp

1,

the sets of sequences that are strongly summable and strongly bounded with

index p by the C1 method. These sets were introduced and studied by Maddox

(cf. [4]).
For 0 < p6 1, the b-duals were given in [7] (p ¼ 1) and [3] of the sets cp0ðlÞ,

cpðlÞ and cp1ðlÞ, and some matrix transformations characterized on these

spaces for exponentially bounded sequences l. These results were extended in [9]

to the case of 1 < p < 1 for the sets cpðlÞ and cp1ðlÞ.
In this paper, we determine the b-duals, for exponentially bounded se-

quences l, of the sets vp0ðlÞ and cp0ðlÞ for p > 1 which are different from the b-
duals of vp1ðlÞ and cpðlÞ or cp1ðlÞ; thus we complete the list of the b-duals of
the sets cp0ðlÞ, cpðlÞ and cp1ðlÞ. Furthermore we characterize matrix transfor-
mations on the spaces vp0ðlÞ and cp0ðlÞ for 1 < p < 1 and apply the Hausdorff

measure of noncompactness to give necessary and sufficient conditions for the

entries of an infinite matrix to be a compact operator between these spaces and
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certain BK spaces. In particular, we extend the results involving the spaces

c0ðlÞ, given in [10, Sections 3.7 and 3.8].
2. Notations, definitions and well-known results

In this section, we give some notations and recall some definitions and well-

known results.

A sequence ðbðnÞÞ1n¼0 in a linear metric space X is called Schauder basis if for
every x 2 X , there is a unique sequence ðknÞ1n¼0 of scalars such that

x ¼
P1

n¼0 knb
ðnÞ.

An FK space is a complete linear metric sequence space with the property

that convergence implies coordinatewise convergence; a BK space is a normed

FK space. An FK space X � / is said to have AK if every sequence x ¼
ðxkÞ1k¼0 2 X has a unique representation x ¼

P1
k¼0 xke

ðkÞ, that is x ¼ limn!1 x½n�.
Let x and y be sequences, X and Y be subsets of x and A ¼ ðankÞ1n;k¼0 be an

infinite matrix of complex numbers. We write xy ¼ ðxkykÞ1k¼0, x�1 � Y ¼
fa 2 x : ax 2 Y g and MðX ; Y Þ ¼

T
x2X x

�1 � Y ¼ fa 2 x : ax 2 Y for all x 2 Xg
for the multiplier space of X and Y . In the special case of Y ¼ cs, we write

xb ¼ x�1 � cs and X b ¼ MðX ; csÞ for the b-dual of X . By An ¼ ðankÞ1k¼0 we denote

the sequence in the nth row of A, and we write AnðxÞ ¼
P1

k¼0 ankxk ðn ¼ 0; 1; . . .Þ
and AðxÞ ¼ ðAnðxÞÞ1n¼0, provided An 2 xb for all n. The set XA ¼
x 2 x : AðxÞ 2 Xf g is called the matrix domain of A in X and ðX ; Y Þ denotes the

class of all matrices that map X into Y , that is A 2 ðX ; Y Þ if and only if X � YA,
or equivalently An 2 X b for all n and AðxÞ 2 Y for all x 2 X .

Let X and Y be Banach spaces. Then BðX ; Y Þ is the set of all continuous

linear operators L : X ! Y , a Banach space with the operator norm defined by

kLk ¼ supfkLðxÞk : kxk6 1g ðL 2 BðX ; Y ÞÞ. If Y ¼ C then we write X � ¼
BðX ;CÞ for the space of continuous linear functionals on X with its norm

defined by kf k ¼ supfjðxÞj : kxk6 1g ðf 2 X �Þ. We recall that a linear operator

L : X ! Y is called compact if DðLÞ ¼ X for the domain of L and if, for every

bounded sequence ðxnÞ in X , the sequence ðLðxnÞÞ has a convergent subsequence
in Y . It is well known (cf. [13, Theorem 4.2.8, p. 57]) that if X and Y are BK
spaces and A 2 ðX ; Y Þ then LA 2 BðX ; Y Þ where LA is defined by LAðxÞ ¼ AðxÞ
for all x 2 X ; we denote this by ðX ; Y Þ � BðX ; Y Þ.

We define the matrices R, D and E by Rnk ¼ 1 for 06 k6 n, Rnk ¼ 0 for

k > n, Dn;n�1 ¼ �1, Dnn ¼ 1, Dnk ¼ 0 otherwise, Enk ¼ 0 for 06 k6 n� 1 and

Enk ¼ 1 for kP n, and use the convention that any term with a negative sub-

script is equal to zero. Then we can write vp0ðlÞ ¼ ðwp
0ðlÞÞD, vp1ðlÞ ¼ ðwp

1ðlÞÞD,
cp0ðlÞ ¼ l�1 � vp0ðlÞ and cp1ðlÞ ¼ l�1 � vp1ðlÞ.

Following the notations introduced in [7], we say that a nondecreasing se-
quence K ¼ ðkkÞ1k¼0 of positive reals tending to infinity is exponentially bounded

if there are reals s and t with 0 < s6 t < 1 such that for some subsequence



380 E. Malkowsky et al. / Appl. Math. Comput. 147 (2004) 377–396
ðkkðmÞÞ1m¼0 of K, we have s6 kkðmÞ=kkðmþ1Þ 6 t for all m ¼ 0; 1; . . . ; such a subse-

quence ðkkðmÞÞ1m¼0 is called an associated subsequence. If ðkðmÞÞ1m¼0 is a strictly
increasing sequence of nonnegative integers then we write Khmi for the set of all

integers k with kðmÞ6 k6 kðmþ 1Þ � 1, and
P

m and maxm for the sum and

maximum taken over all k in Khmi.

Let K ¼ ðkkÞ1k¼0 be an exponentially bounded sequence of positive reals and

ðkkðmÞÞ1m¼0 be an associated subsequence throughout.

If XpðKÞ denotes any of the sets wp
0ðKÞ, wp

1ðKÞ, v
p
0ðKÞ, vp1ðKÞ, c

p
0ðKÞ, cpðKÞ

or cp1ðKÞ then we write ~XXpðKÞ for the respective space with the sec-

tions 1=kpk
Pk

j¼0 � � � replaced by the blocks 1=kkðmþ1Þ
P

m � � � Furthermore, we
define
kxkwp
1ðKÞ ¼ sup

k

1

kpk

Xk
j¼0

jxjjp
 !1=p

;

kxk ~wwp
1ðKÞ ¼ sup

m

1

kpkðmþ1Þ

X
m
jxkjp

 !1=p

;

kxkvp1ðKÞ ¼ kDðxÞkwp
1ðKÞ; kxk~vvp1ðKÞ ¼ kDðxÞk ~wwp

1ðKÞ;

kxkcp1ðKÞ ¼ kKxkvp1ðKÞ ¼ kDðKxÞkwp
1ðKÞ and

kxk~ccp1ðKÞ ¼ kKxk~vvp1ðKÞ ¼ kDðKxÞk ~wwp
1ðKÞ:
Proposition 2.1. We have:

(a) wp
0ðKÞ ¼ ~wwp

0ðKÞ, the norms k � kwp
1ðKÞ and k � k ~wwp

1ðKÞ are equivalent on wp
0ðKÞ

and wp
0ðKÞ is a BK space with AK;

(b) vp0ðKÞ ¼ ~vvp0ðKÞ, the norms k � kvp1ðKÞ and k � k~vvp1ðKÞ are equivalent on vp0ðKÞ and
the sequence ðbðkÞÞ1k¼0 with bðkÞ ¼ RðeðkÞÞ, that is bðkÞj ¼ 0 for j < k and
bðkÞj ¼ 1 for jP k ðk ¼ 0; 1; . . .Þ, is a Schauder basis of vp0ðKÞ;

(c) cp0ðKÞ ¼ ~ccp0ðKÞ, the norms k � kcp1ðKÞ and k � k~ccp1ðKÞ are equivalent on cp0ðKÞ and
the sequence ðcðkÞÞ1k¼0 with cðkÞ ¼ ð1=KÞbðkÞ ðk ¼ 0; 1; . . .Þ is a Schauder basis
of cp0ðKÞ.
Proof. Using the technique applied in the proof of [7, Theorem 1(a) and (b)],

we can show the stated equality of the spaces and the equivalence of the

norms.
(a) The space wp

0ðKÞ is a BK space with AK by [6, Theorems 2 and 5].

Parts (b) and (c) follow from Part (a) and [10, Theorem 3.3, p. 178] and [8,

Theorem 2.2]. �
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3. The b-duals of the spaces wp
0(K), v

p
0(K) and cp0(K)

In this section, we give the b-duals of the spaces wp
0ðKÞ, v

p
0ðKÞ and cp0ðKÞ. If

X � / is a BK space and a 2 x then we write
kak�X ¼ kak� ¼ sup
X1
k¼0

akxk

�����
����� : kxk

(
¼ 1

)
;

provided the expression on the right is defined and finite which is the case

whenever a 2 X b (cf. [13, Theorem 7.2.9, p. 107]). We need the following re-

sults.

Proposition 3.1. Let 1 < p < 1 and q ¼ p=ðp � 1Þ.

(a) Then
ðwp
0ðKÞÞ

b ¼ ðwp
1ðKÞÞ

b ¼ WpðKÞ

¼ a 2 x :
X1
m¼0

kkðmþ1Þ
X

m
jakjq

 !1=q
8<
: < 1

9=
;:

Furthermore ðwp
0ðKÞÞ

b with

kakWpðKÞ ¼
X1
m¼0

kkðmþ1Þ
X

m
jakjq

 !1=q

and ðwp
0ðKÞÞ

� are norm isomorphic when wp
0ðKÞ has the norm k � k ~wwp

1ðKÞ.
(b) For each n 2 N0, let mðnÞ be the uniquely defined integer such that n 2 KhmðnÞi.

We define the sequence d by
dn ¼
XmðnÞ�1

m¼0

kkðmþ1Þðkðmþ 1Þ � kðmÞÞ1=q þ kkðmðnÞþ1Þðnþ 1� kðmðnÞÞÞ1=q

for n ¼ 0; 1; . . . and put Mðvp0ðKÞÞ ¼ d�1 � ‘1. Then
Mðvp0ðKÞ; c0Þ ¼ Mðvp0ðKÞ; cÞ ¼ Mðvp0ðKÞÞ ð3:1Þ

and

ðvp0ðKÞÞ
b ¼ ðWpðKÞ \Mðvp0ðKÞÞÞE: ð3:2Þ

Furthermore, if vp0ðKÞ has the norm k � k~vvp1ðKÞ then

kak�vp
0
ðKÞ ¼ kEðaÞkWpðKÞ for all a 2 ðvp0ðKÞÞ

b
: ð3:3Þ
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Proof. (a) This is by [6, Theorems 4 and 6].

(b) The identity in (3.1) is [8, Lemma 3.2(a)]. From this, Part (a) and [8,
Theorem 2.5], we obtain (3.2). Finally, we prove (3.3). Let a 2 ðvp0ðKÞÞ

b
be

given. We observe that x 2 vp0ðKÞ if and only if y ¼ DðxÞ 2 wp
0ðKÞ. Abel�s

summation by parts yields, with R ¼ EðaÞ,

Xn
k¼0

akxk ¼
Xnþ1

k¼0

Rkyk � Rnþ1xnþ1 ðn ¼ 0; 1; . . .Þ:
Since a 2 ðvp0ðKÞÞ
b
implies R 2 Mðvp0ðKÞ; c0Þ by (3.1) and (3.2), it follows thatP1

k¼0 akxk ¼
P1

k¼0 Rkxk. Now
kxk~vvp1ðKÞ ¼ kyk ~wwp
1ðKÞ implies kak�~vvp1ðKÞ ¼ kRk�~wwp

1ðKÞ;
and (3.2) follows from Part (a). �

Theorem 3.1. Let 1 < p < 1 and q ¼ p=ðp � 1Þ. We define the sequence d as in
Proposition 3.1. Then
ðcp0ðKÞÞ
b ¼ 1

K

� ��1

� ððwp
0ðKÞÞ

b \ ðd�1 � ‘1ÞÞE;
that is a 2 ðcp0ðKÞÞ
b if and only if
X1
m¼0

kkðmþ1Þ
X

m

X1
j¼k

aj
kj

�����
�����
q !1=q

< 1
and
sup
n

X1
k¼n

aj
kj

�����
�����dn < 1:
Furthermore, if cp0ðKÞ has the norm k � k~ccp1ðKÞ then
kak�cp1ðKÞ ¼ kEða=KÞkWpðKÞ for all a 2 ðcp0ðKÞÞ
b
;

that is
kak�cp1ðKÞ ¼
X1
m¼0

kkðmþ1Þ
X

m

X1
j¼k

aj
kj

�����
�����
q !1=q

: ð3:4Þ
Proof. The first part is [8, Theorem 3.2]. Furthermore, the equality of the
norms on ðcp0ðKÞÞ

b
is an immediate consequence of (3.3) in Proposition 3.1 and

the facts that a 2 ðcp0ðKÞÞ
b

if and only if a=K 2 ðvp0ðKÞÞ
b
, and kxk~ccp1ðKÞ ¼

kKxk~vvp1ðKÞ. �
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4. Matrix transformations

In this section we characterize matrix transformations between the sequence

space wp
0ðKÞ, v

p
0ðKÞ, c

p
0ðKÞ ð1 < p < 1Þ and certain BK spaces.

Throughout let 1 < p < 1, q ¼ p=ðp � 1Þ and the sequence d be defined as

in Proposition 3.1. A subset X of x is said to be normal if x 2 X and y 2 x with

jykj6 jxkj (k ¼ 0; 1; . . .) together imply y 2 X . We need the following general

results.
Proposition 4.1 [8, Theorem 2.7(a)]. Let X � / be a normal FK space with AK
and Y be a linear space. If MðXD; cÞ ¼ MðXD; c0Þ then A 2 ðXD; Y Þ if and only if
RA 2 ðX ; Y Þ where rAnk ¼
X1
j¼k

ankðn; k ¼ 0; 1; . . .Þ ð4:1Þ
and
RA
n 2 ðXD; cÞ for all n: ð4:2Þ
Proposition 4.2 (cf. [10, Theorem 1.23, p. 155]). Let X � / and Y be BK spaces.

(a) Then A 2 ðX ; ‘1Þ if and only if
kAk�X ¼ sup
n

kAnk�X < 1: ð4:3Þ

Furthermore, if A 2 ðX ; ‘1Þ then kLAk ¼ kAk�X .
(b) If ðbðkÞÞ1k¼0 is a Schauder basis of X and Y1 is a closed BK space in Y , then

A 2 ðX ; Y1Þ if and only if A 2 ðX ; Y Þ and AðbðkÞÞ 2 Y1 for all k.

We need the following result.
Proposition 4.3. Let X � / be a BK space. Then A 2 ðX ; ‘1Þ if and only if
kAkðX ;‘1Þ ¼ sup
N�N0

N finite

X
n2N

An

�����
�����
�

X

< 1 ðcf : ½5; Satz 1�Þ:
Furthermore, if A 2 ðX ; ‘1Þ then
kAkðX ;‘1Þ 6 kLAk6 4 � kAkðX ;‘1Þ: ð4:4Þ
Proof. We have to show (4.4). Let A 2 ðX ; ‘1Þ and m 2 N0 be given. Then, for

all N � f0; . . . ;mg and for all x 2 X with kxk ¼ 1,
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X
n2N

AnðxÞ
�����

�����6 Xm
n¼0

jAnðxÞj6 kLAk;
and this implies
kAkðX ;‘1Þ 6 kLAk: ð4:5Þ
Furthermore, given e > 0, there is x 2 X with kxk ¼ 1 such that
kAðxÞk1 ¼
X1
n¼0

jAnðxÞjP kLAk �
e
2
;

and there is an integer mðxÞ such that
XmðxÞ
n¼0

jAnðxÞjP kAðxÞk1 �
e
2
:

Consequently
PmðxÞ

n¼0 jAnðxÞjP kLAk � e. By [10, Lemma 3.9, p. 181],
4 � max
N�f0;...;mðxÞg

X
n2N

AnðxÞ
�����

�����P XmðxÞ
n¼0

jAnðxÞjP kLAk � e;
and so 4kAkðX ;‘1Þ P kLAk � e. Since e > 0 was arbitrary, we have 4kAkðX ;‘1Þ P
kLAk, and together with (4.5) this yields (4.4). �

A matrix T is called a triangle if tnk ¼ 0 ðk > nÞ and tnn 6¼ 0 for all n.

Proposition 4.4 [10, Theorem 3.8, p. 180]. Let T be a triangle. Then, for arbi-
trary subsets X and Y of x, A 2 ðX ; YT Þ if and only if B ¼ TA 2 ðX ; Y Þ. Fur-
thermore, if X and Y are BK spaces and A 2 ðX ; YT Þ then
kLAk ¼ kLBk: ð4:6Þ
Now we characterize the classes ðwp
0ðKÞ; ‘1Þ, ðw

p
0ðKÞ; c0Þ and ðwp

0ðKÞ; cÞ.

Theorem 4.1. We have:

(a) A 2 ðwp
0ðKÞ; ‘1Þ if and only if
kAkðwp
1ðKÞ;‘1Þ ¼ sup

n

X1
m¼0

kkðmþ1Þ
X

m
jankjq

 !1=q

< 1: ð4:7Þ
(b) A 2 ðwp
0ðKÞ; c0Þ if and only if condition (4.7) holds and
lim
k!1

ank ¼ 0 for each k: ð4:8Þ
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(c) A 2 ðwp
0ðKÞ; cÞ if and only if condition (4.7) holds and
lim
k!1

ank ¼ ak for each k: ð4:9Þ
(d) If Y is any of the spaces ‘1, c0 or c, wp
0ðKÞ has the norm k � k ~wwp

0
ðKÞ and

A 2 ðwp
0ðKÞ; Y Þ then
kLAk ¼ kAkðwp
0
ðKÞ;‘1Þ: ð4:10Þ
Proof. Part (a) follows from Proposition 3.1(a) and Proposition 4.2(a).

Parts (b) and (c) follow from Proposition 4.2(b), since c0 and c are closed

subspaces of ‘1 and wp
0ðKÞ has AK by Proposition 2.1(a).

Part (d) holds since WpðKÞ with k � kWpðKÞ and ðwp
0ðKÞÞ

�
are norm isomor-

phic by Proposition 3.1(a) when wp
0ðKÞ has the norm ~wwp

1ðKÞ. �

Now we characterize the classes ðvp0ðKÞ; ‘1Þ, ðv
p
0ðKÞ; c0Þ and ðvp0ðKÞ; cÞ. As an

immediate consequence of Proposition 4.1, Theorem 4.1 and Propositions
3.1(b) and 2.1(b), we obtain

Theorem 4.2. We have:

(a) A 2 ðvp0ðKÞ; ‘1Þ if and only if
kAkðvp1ðKÞ;‘1Þ ¼ sup
n

X1
m¼0

kkðmþ1Þ
X

m

X1
j¼k

anj

�����
�����
q !1=q

< 1 ð4:11Þ

and

sup
k

dk
X1
j¼k

anj

�����
����� < 1 for each n: ð4:12Þ

(b) A 2 ðvp0ðKÞ; c0Þ if and only if conditions (4.11) and (4.12) hold and
lim
n!1

X1
j¼k

anj ¼ 0 for each k: ð4:13Þ
(c) A 2 ðvp0ðKÞ; cÞ if and only if conditions (4.11) and (4.12) hold and
lim
n!1

X1
j¼k

anj ¼ ak for each k: ð4:14Þ
(d) If Y is any of the spaces ‘1, c0 or c, vp0ðKÞ has the norm k � k~vvp1ðKÞ and
A 2 ðvp0ðKÞ; Y Þ then

kLAk ¼ kAkðvp1ðKÞ;‘1Þ: ð4:15Þ
Now we characterize the classes ðcp0ðKÞ; ‘1Þ, ðc
p
0ðKÞ; c0Þ and ðcp0ðKÞ; cÞ.
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Theorem 4.3. We have:

(a) A 2 ðcp0ðKÞ; ‘1Þ if and only if
kAkðcp
0
ðKÞ;‘1Þ ¼ sup

n

X1
m¼0

kkðmþ1Þ
X

m

X1
j¼k

anj
kj

�����
�����
q !1=q

< 1 ð4:16Þ

and

sup
k

X1
j¼k

anj
kj

�����
�����dk < 1 for each n: ð4:17Þ

(b) A 2 ðcp0ðKÞ; c0Þ if and only if conditions (4.16), (4.17) and (4.13) hold.
(c) A 2 ðcp0ðKÞ; cÞ if and only if conditions (4.16), (4.17) and (4.14) hold.
(d) If Y is any of the spaces ‘1, c0 or c, cp0ðKÞ has the norm k � k~ccp1ðKÞ and

A 2 ðcp0ðKÞ; Y Þ then

kLAk ¼ kAkðcp

0
ðKÞ;‘1Þ: ð4:18Þ
Proof. Parts (a), (b) and (c) are [8, Theorem 3.4(1.)–(3.)].

(d) If A 2 ðcp0ðKÞ; ‘1Þ then kAk�~ccp1ðKÞ ¼ kLAk by Proposition 4.2(a). Since

kAk�~ccp1ðKÞ ¼ supn kAnk�~ccp1ðKÞ for all n, the conclusion follows from (3.4) in Theo-

rem 3.1. Finally, since ðcp0ðKÞ; c0Þ � ðcp0ðKÞ; cÞ � ðcp0ðKÞ; ‘1Þ, the assertion also

follows for Y ¼ c0 or Y ¼ c, by what we have just shown and Parts (b) and
(c). �

Finally we determine the classes ðcp0ðKÞ; c1ðlÞÞ, ðcp0ðKÞ; c0ðlÞÞ and

ðcp0ðKÞ; cðlÞÞ.

Theorem 4.4. We have:

(a) A 2 ðcp0ðKÞ; c1ðlÞÞ if and only if condition (4.17) holds and
kAkðcp
0
ðKÞ;c1ðlÞÞ ¼ sup

m
max

Nm�f0;...;mg

X1
m¼0

kkðmþ1Þ

�
X

m

1

lm

X
n2Nm

ln

X1
j¼k

anj
kj

 �����
 

� ln�1

X1
j¼k

an�1;j

kj

!�����
q!1=q

< 1: ð4:19Þ
(b) A 2 ðcp0ðKÞ; c0ðlÞÞ if and only if conditions (4.17) and (4.19) hold and
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lim
m

1

lm

Xm
n¼0

ln

X1
j¼k

anj

�����
 

� ln

X1
j¼k

an�1;j

�����
!

¼ 0 for each k: ð4:20Þ
(c) A 2 ðcp0ðKÞ; cðlÞÞ if and only if conditions (4.17) and (4.19) hold and
lim
m

1

lm

Xm
n¼0

ln

X1
j¼k

anj

�����
 

� ln

X1
j¼k

an�1;j

�����
!

¼ ak for each k: ð4:21Þ
(d) If Y is any of the spaces c1ðlÞ, c0ðlÞ or cðlÞ, cp0ðKÞ has the norm k � k~ccp1ðKÞ
and A 2 ðcp0ðKÞ; Y Þ then

kAkðcp

0
ðKÞ;c1ðlÞÞ 6 kLAk6 4 � kAkðcp

0
ðKÞ;c1ðlÞÞ: ð4:22Þ
Proof. Parts (a), (b) and (c) are [8, Theorem 3.4(4.)–(6.)].

(d) If X is a BK space and A 2 ðX ; Y Þ, then by [10, Corollary 3.49 (3.109),
p. 210], for
kAkðX ;c1Þ ¼ sup
m

max
Nm�f0;...;mg

1

lm

X
n2Nm

ðlnAn

�����
 

� ln�1An�1Þ
�����
�

X

!
;

we have
kAkðX ;c1ðlÞÞ 6 kLAk6 4 � kAkðX ;c1Þ:
Now (4.22) follows from (3.4) in Theorem 3.1. �
5. Measure of noncompactness and transformations

If X and Y are metric spaces, then f : X ! Y is a compact map if f ðQÞ is a
relatively compact (i.e., if the closure of f ðQÞ is a compact subset of Y ) subset
of Y for each bounded subset Q of X . In this section, among other things, we

investigate when in some special cases the operator LA is compact. Our in-

vestigations use the measure of noncompactness. Recall that if Q is a bounded

subset of a metric space X , then the Hausdorff measure of noncompactness of Q
is denoted by vðQÞ, and
vðQÞ ¼ inff� > 0 : Q has a finite �� net in Xg:
The function v is called the Hausdorff measure of noncompactness, and for its

properties see [1,2,12]. Let us point out that the notation of the measure of

noncompactness has proved useful in several areas of functional analysis,
operator theory, fixed point theory, differential equations, etc. Denote by Q the

closure of Q. For the convenience of the reader, let us mention that: If Q, Q1

and Q2 are bounded subsets of a metric space ðX ; dÞ, then
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vðQÞ ¼ 0 () Q is a totally bounded set;

vðQÞ ¼ vðQÞ;
Q1 � Q2 ) vðQ1Þ6 vðQ2Þ;
vðQ1 [ Q2Þ ¼ maxfvðQ1Þ; vðQ2Þg;
vðQ1 \ Q2Þ6 minfvðQ1Þ; vðQ2Þg:
If our space X is a normed space, then the function vðQÞ has some additional

properties connected with the linear structure. We have e.g.
vðQ1 þ Q2Þ6 vðQ1Þ þ vðQ2Þ;
vðkQÞ ¼ jkjvðQÞ for each k 2 C:
If X and Y are normed spaces, and A 2 BðX ; Y Þ, then the Hausdorff measure

of noncompactness of A, denoted by kAkv, is defined by kAkv ¼ vðAKÞ, where
K ¼ fx 2 X : kxk6 1g is the unit ball in X . Furthermore, A is compact if and
only if kAkv ¼ 0; we also have kAkv 6 kAk.

Recall the following well-known result (see e.g. [2, Theorem 6.1.1] or [1,

1.8.1]): Let X be a Banach space with a Schauder basis fe1; e2; . . .g, Q be a

bounded subset of X , and Pn : X ! X be the projector onto the linear span of

fe1; e2; . . . ; eng. Then
1

a
lim sup

n!1
sup
x2Q

kðI
 

� PnÞxk
!
6 vðQÞ

6 inf
n

sup
x2Q

kðI � PnÞxk6 lim sup
n!1

sup
x2Q

kðI
 

� PnÞxk
!
; ð5:1Þ
where a ¼ lim supn!1 kI � Pnk.

Theorem 5.1. Let A be an infinite matrix, 1 < p < 1, q ¼ p=ðp � 1Þ and for any
integers n and r with n > r, set
kAkðrÞðwp
0
ðKÞ;‘1Þ ¼ sup

n>r

X1
m¼0

kkðmþ1Þ
X

m
jankjq

 !1=q

:

(a) If A 2 ðwp
0ðKÞ; c0Þ, then
kLAkv ¼ lim
r!1

kAkðrÞðwp
0
ðKÞ;‘1Þ: ð5:2Þ
(b) If A 2 ðwp
0ðKÞ; cÞ, then
1

2
lim
r!1

kAkðrÞðwp
0
ðKÞ;‘1Þ 6 kLAkv 6 lim

r!1
kAkðrÞðwp

0
ðKÞ;‘1Þ: ð5:3Þ
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(c) If A 2 ðwp
0ðKÞ; ‘1Þ, then
06 kLAkv 6 lim
r!1

kAkðrÞðwp
0
ðKÞ;‘1Þ: ð5:4Þ
Proof. Let us remark that the limits in (5.2)–(5.4) exist. Set K ¼
fx 2 wp

0ðKÞ : kxk~wwp
0
ðKÞ 6 1g. (a) By inequality (5.1), we have
kLAkv ¼ vðAKÞ ¼ lim
r!1

sup
x2K

kðI
�

� PrÞAxk
�
; ð5:5Þ
where Pr : c0 ! c0 ðr ¼ 0; 1; . . .Þ is the projector on the first r þ 1 coordinates,

i.e., PrðxÞ ¼ ðx0; . . . ; xr; 0; 0; . . .Þ, for x ¼ ðxkÞ 2 c0; let us remark that kI � Prk ¼
1 for r ¼ 1; 2; . . . Let AðrÞ ¼ ð~aankÞ be the infinite matrix defined by ~aank ¼ 0 if

06 n6 r and ~aank ¼ ank if r < n. Now, by Theorem 4.1(d) we have
sup
x2K

kðI � PrÞAxk ¼ kLAðrÞk ¼ kAðrÞkðwpðKÞ;‘1Þ ¼ kAkðrÞðwpðKÞ;‘1Þ: ð5:6Þ
Clearly, by (5.5) and (5.6) we get (5.2).

(b) Let us remark that every sequence x ¼ ðxkÞ1k¼0 2 c has a unique repre-

sentation x ¼ leþ
P1

k¼0ðxk � lÞeðkÞ where l 2 C is such that x� le 2 c0. Let us
define Pr : c ! c by PrðxÞ ¼ leþ

Pm
k¼0ðxk � lÞeðkÞ (r ¼ 0; 1; . . .). It is known that

kI � Prk ¼ 2 (r ¼ 0; 1; . . .). Now the proof of (b) is similar as in the case (a), and

we omit it (it should be borne in mind that now a in (5.1) is 2).

(c) Let us prove (5.4). Now define Pr : ‘1 ! ‘1, by PrðxÞ ¼ ðx0; x1; . . . ; xr;
0; . . .Þ, x ¼ ðxkÞ 2 ‘1 (r ¼ 0; 1; . . .). It is clear that
AK � PrðAKÞ þ ðI � PrÞðAKÞ:
Now, by the elementary properties of the function v we have
vðAKÞ6 vðPrðAKÞÞ þ vððI � PrÞðAKÞÞ
¼ vððI � PrÞðAKÞ6 sup

x2K
kðI � PrÞAxk ¼ kLAðrÞk: ð5:7Þ
By (5.7) and Theorem 4.1(d) we get (5.4). �

Now as a corollary of the above theorem we have

Corollary 5.1

(a) If A 2 ðwp
0ðKÞ; c0Þ or A 2 ðwp

0ðKÞ; cÞ, then
LA is compact if and only if lim
r!1

kAkðrÞðwp
0
ðKÞ;‘1Þ ¼ 0: ð5:8Þ
(b) If A 2 ðwp
0ðKÞ; ‘1Þ, then
LA is compact if lim
r!1

kAkðrÞðwp
0
ðKÞ;l1Þ ¼ 0: ð5:9Þ
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The following example will show that it is possible for LA in (5.9) to be

compact in the case limr!1 kAkðrÞðwp
0
ðKÞ;l1Þ > 0, and hence in general we have just

‘‘if’’ in (5.9).

Example 5.1. Let the matrix A be defined by An ¼ eðkð0ÞÞ for n ¼ 0; 1; . . . Then
A 2 ðwp

0ðKÞ; ‘1Þ and
kAkðrÞðwp
0
ðKÞ;‘1Þ ¼ kkð1Þ for each r:
Hence limr!1 kAkðrÞðwp
0
ðKÞ;‘1Þ ¼ kkð1Þ > 0. Since LAðxÞ ¼ xkð0Þe for each x 2 wp

0ðKÞ,
LA is a compact operator.

The proof of the following theorem follows from Theorem 4.2 by the

method of Theorem 5.1.

Theorem 5.2. Let 1 < p < 1, q ¼ p=ðp � 1Þ, and for any integers n and r with
n > r, set
kAkðrÞðvp
0
ðKÞ;‘1Þ ¼ sup

n>r

X1
m¼0

kkðmþ1Þ
X

m

X1
j¼k

anj

�����
�����
q !1=q

:

If A 2 ðvp0ðKÞ; c0Þ, then
kLAkv ¼ lim
r!1

kAkðrÞðvp
0
ðKÞ;‘1Þ:
If A 2 ðvp0ðKÞ; cÞ, then

1

2
lim
r!1

kAkðrÞðvp
0
ðKÞ;‘1Þ 6 kLAkv 6 lim

r!1
kAkðrÞðvp

0
ðKÞ;‘1Þ:
If A 2 ðvp0ðKÞ; ‘1Þ, then
06 kLAkv 6 lim
r!1

kAkðrÞðvp
0
ðKÞ;‘1Þ:
Corollary 5.2

(a) If A 2 ðvp0ðKÞ; c0Þ or A 2 ðvp0ðKÞ; cÞ, then
LA is compact if and only if lim
r!1

kAkðrÞðvp
0
ðKÞ;‘1Þ ¼ 0:
(b) If A 2 ðvp0ðKÞ; ‘1Þ, then
LA is compact if lim
r!1

kAkðrÞðvp
0
ðKÞ;‘1Þ ¼ 0: ð5:10Þ
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The following example will show that it is possible for LA in (5.10) to be

compact in the case limr!1 kAkðrÞðwp
0
ðKÞ;‘1Þ > 0, and hence in general we have just

‘‘if’’ in (5.10).

Example 5.2. Let the matrix A be as in Example 5.1. Then A 2 ðvp0ðKÞ; ‘1Þ by
Theorem 4.2(a), LA is compact and
kAkðrÞðvp
0
ðKÞ;‘1Þ ¼ sup

n>r

X1
m¼0

kkðmþ1Þ
Xkðmþ1Þ�1

k¼kðmÞ

X1
j¼k

anj

�����
�����
q !1=q

¼ sup
n>r

kkð1Þ
Xkð1Þ�1

k¼kð0Þ

X1
j¼k

anj

�����
�����
q !1=q

¼ sup
n>r

kkð1Þ ¼ kkð1Þ for r ¼ 0; 1; . . .
Hence
lim
r!1

kAkðrÞðvp
0
ðKÞ;‘1Þ ¼ kkð1Þ > 0:
The following theorem follows from Theorem 4.3 analogously as in the

proof of Theorem 5.1.

Theorem 5.3. Let 1 < p < 1, q ¼ p=ðp � 1Þ, and for any integers n and r with
n > r, set
kAkðrÞðcp
0
ðKÞ;‘1Þ ¼ sup

n>r

X1
m¼0

kkðmþ1Þ
X

m

X1
j¼k

anj
kj

�����
�����
q !1=q

:

(a) If A 2 ðcp0ðKÞ; c0Þ, then
kLAkv ¼ lim
r!1

kAkðrÞðcp
0
ðKÞ;‘1Þ:
(b) If A 2 ðcp0ðKÞ; cÞ, then
1

2
lim
r!1

kAkðrÞðcp
0
ðKÞ;‘1Þ 6 kLAkv 6 lim

r!1
kAkðrÞðcp

0
ðKÞ;‘1Þ:
(c) If A 2 ðcp0ðKÞ; ‘1Þ, then
06 kLAkv 6 lim
r!1

kAkðrÞðcp
0
ðKÞ;‘1Þ:



392 E. Malkowsky et al. / Appl. Math. Comput. 147 (2004) 377–396
As a corollary we have

Corollary 5.3

(a) If A 2 ðcp0ðKÞ; c0Þ or A 2 ðcp0ðKÞ; cÞ, then
LA compact if and only if lim
r!1

kAkðrÞðcp
0
ðKÞ;‘1Þ ¼ 0:
(b) If A 2 ðcp0ðKÞ; ‘1Þ, then

LA compact if lim

r!1
kAkðrÞðcp

0
ðKÞ;‘1Þ ¼ 0: ð5:11Þ
The following example will show that it is possible for LA in (5.11) to be

compact in the case limr!1 kAkðrÞðcp
0
ðKÞ;‘1Þ > 0, and hence in general we have just

‘‘if’’ in (5.11).

Example 5.3. Let the matrix A be as in Example 5.1. Then A 2 ðcp0ðKÞ; ‘1Þ by
Theorem 4.3(a), LA is compact and
kAkðrÞðcp
0
ðKÞ;‘1Þ ¼ sup

n>r

X1
m¼0

kkðmþ1Þ
Xkðmþ1Þ�1

k¼kðmÞ

X1
j¼k

anj
kj

�����
�����
q !1=q

¼ sup
n>r

kkð1Þ
Xkð1Þ�1

k¼kð0Þ

X1
j¼k

anj
kj

�����
�����
q !1=q

¼ sup
n>r

kkð1Þ
kkð0Þ

¼ kkð1Þ
kkð0Þ

for r ¼ 0; 1; . . .
Hence
lim
r!1

kAkðrÞðcp
0
ðKÞ;‘1Þ ¼

kkð1Þ
kkð0Þ

> 0:
Theorem 5.4. Let A be an infinite matrix, 1 < p < 1, q ¼ p=ðp � 1Þ and for any
integers n and r with n > r, set
kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ ¼ sup

m>r
max

Nr;m�frþ1;...;mg

X1
m¼0

kkðmþ1Þ

�
X

m

1

lm

X
n2Nr;m

ln

X1
j¼k

anj
kj

 �����
 

� ln�1

X1
j¼k

an�1;j

kj

!�����
q!1=q

< 1: ð5:12Þ
(a) If A 2 ðcp0ðKÞ; c0ðlÞÞ, then
lim
r!1

kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ 6 kLAkv 6 4 lim

r!1
kAkðrÞðcp

0
ðKÞ;c1ðlÞÞ: ð5:13Þ
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(b) If A 2 ðcp0ðKÞ; cðlÞÞ, then

1

2
lim
r!1

kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ 6 kLAkv 6 4 lim

r!1
kAkðrÞðcp

0
ðKÞ;c1ðlÞÞ: ð5:14Þ
(c) If A 2 ðcp0ðKÞ; c1ðlÞÞ, then
06 kLAkv 6 4 lim
r!1

kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ: ð5:15Þ
Proof. Since c0ðlÞ has AK [5, Theorem 2(c)] every sequence x ¼ ðxkÞ1k¼0 2 c0ðlÞ
has a unique representation x ¼

P1
k¼0 xke

ðkÞ. Let Pr : c0ðlÞ ! c0ðlÞ ðr ¼ 0; 1; . . .Þ
be the projector on the first r þ 1 coordinates, that is PrðxÞ ¼
ðx0; . . . ; xr; 0; 0; . . .Þ for x ¼ ðxkÞ1k¼0 2 c0ðlÞ. It follows that
kðI � PrÞðxÞk ¼ kð0; . . . ;0|fflfflffl{zfflfflffl}
rþ1

; xrþ1;xrþ2; . . .Þk

¼ sup
1

lrþk

�
jlrþ1xrþ1j

(
þ
Xrþk

j¼rþ2

jljxj � lj�1xj�1j
�
: k ¼ 1;2; . . .

)
:

ð5:16Þ
From
jlrþ1xrþ1j6 jlrþ1xrþ1 � lrxrj þ jlrxr � lr�1xr�1j
þ � � � þ jl1x1 � l0x0j þ jl0x0j;
we have
jlrþ1xrþ1j þ
Xrþk

j¼rþ2

jljxj � lj�1xj�1j6
Xrþk

j¼0

jljxj � lj�1xj�1j for k ¼ 1; 2; . . .

ð5:17Þ
From (5.16) and (5.17) it follows that
kðI � PrÞðxÞk ¼ sup
k¼1;2;...

1

lrþk

Xrþk

j¼0

jljxj � lj�1xj�1j6 kxk: ð5:18Þ
Therefore, kI � Prk6 1. Since I � Pr is a projector, we have kI � PrkP 1.

Hence kI � Prk ¼ 1, r ¼ 0; 1; . . .Now the proof of (5.13) follows from Theorem

4.4(b).

(b) Every sequence x ¼ ðxkÞ1k¼0 2 cðlÞ has a unique representation x ¼
leþ

P1
k¼0ðxk � lÞeðkÞ where l 2 C is such that x� le 2 c0ðlÞ [3, Theorem 2(c)].

Let us define Qr : cðlÞ 7!cðlÞ by QrðxÞ ¼ leþ
Pr

k¼0ðxk � lÞeðkÞ, that is QrðxÞ ¼
ðx0; . . . ; xr; l; l; . . .Þ for r ¼ 0; 1; . . . Since
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kðI�QrÞðxÞk
¼kð0; .. . ;0|fflfflffl{zfflfflffl}

rþ1

;xrþ1� l;xrþ2�l; .. .Þk

¼ sup
1

lrþk
jlrþ1ðxrþ1

 (
�lÞjþ

Xrþk

j¼rþ2

jljðxj�lÞ�lj�1ðxj�1�lÞj
!
: k¼1;2; . ..

)

6 sup jlj
(

þ 1

lrþk
jlrþ1xrþ1j

 
þ
Xrþk

j¼rþ2

jljxj�lj�1xj�1j
!
: k¼1;2;. . .

)

¼jljþ sup
1

lrþk
jlrþ1xrþ1j

 (
þ
Xrþk

j¼rþ2

jljxj�lj�1xj�1j
!
: k¼1;2;. . .

)
;

we obtain from (5.15) and (5.17) we get
kðI � QrÞxk6 jlj þ kxk: ð5:19Þ
Let us prove that jlj6 kxk. From x� le 2 c0ðlÞ it follows that
lim
n!1

1

ln

Xn
k¼0

jlkðxk � lÞ � lk�1ðxk�1 � lÞj ¼ 0: ð5:20Þ
Since l is a nondecreasing sequence, we have
jlj ¼ 1

ln

Xn
k¼0

jlk�1l� lklj

¼ 1

ln

Xn
k¼0

jlkxk � lkl� lk�1xk�1 þ lk�1l� lkxk þ lk�1xk�1j

¼ 1

ln

Xn
k¼0

jlkðxk � lÞ � lk�1ðxk�1 � lÞj þ 1

ln

Xn
k¼0

jlkxk � lk�1xk�1j;
that is
jlj6 1

ln

Xn
k¼0

jlkðxk � lÞ � lk�1ðxk�1 � lÞj þ kxk: ð5:21Þ
By (5.20) and (5.21) we get
jlj6 kxk: ð5:22Þ
From (5.19) and (5.22) it follows kðI � QrÞxk6 2kxk, that is kI � Qrk6 2. Fi-

nally by Theorem 4.4. we get (5.13).

(c) Inequality (5.14) could be proved similarly as inequality (5.4). �

Now as a corollary of Theorem 5.4 we have
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Corollary 5.4

(a) If A 2 ðcp0ðKÞ; c0ðlÞÞ or A 2 ðcp0ðKÞ; cðlÞÞ, then
LA compact if and only if lim
r!1

kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ ¼ 0:
(b) If A 2 ðcp0ðKÞ; c1ðlÞÞ, then
LA compact if lim
r!1

kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ ¼ 0: ð5:23Þ
The following example will show that it is possible for LA in (5.23) to be

compact in the case limr!1 kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ > 0, and hence in general in (5.23) we

have just ‘‘if’’.
Example 5.4. Let the matrix A be as in Example 5.1. Then A 2 ðcp0ðKÞ; c1ðlÞÞ
by Theorem 4.4(a), LA is compact and
kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ ¼ sup

m>r
max

Nr;m�frþ1;...;mg
kkð1Þ

1

lm

X
n2Nr;m

ln
1

kkð0Þ

������ � ln�1

1

kkð0Þ

������
¼ sup

m>r

kkð1Þ
kkð0Þ

lm � lrþ1

lm
¼ kkð1Þ

kkð0Þ
sup
m>r

1

�
� lrþ1

lm

�

¼ kkð1Þ
kkð0Þ

for each r:
Thus
lim
r!1

kAkðrÞðcp
0
ðKÞ;c1ðlÞÞ ¼

kkð1Þ
kkð0Þ

> 0:
In the proof of Theorem 5.4 we investigate the projector Qr. Now we would

like to finish this paper with the following inequality for the norm of the
projector I � Qr.
Lemma 5.1. Let Qr ðr ¼ 0; 1; . . .Þ be the projector considered in the proof of
Theorem 5.4. Then
2 lim sup
n!1

ln�1

ln
6 kI � Qrk6 2 for all r ¼ 0; 1; . . . ð5:24Þ
Proof. From the proof of Theorem 5.4 we know that kI � Qrk6 2 for all r.
Hence, it is enough to prove 2 lim supn!1ðln�1=lnÞlekI � Qrk. To prove this let

us consider the sequence bðnÞ, n > r þ 1, from Proposition 2.1(b). Now
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bðnÞ � e ¼ ð�1; . . . ;�1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n

; 0; 0; . . .Þ 2 c0ðlÞ
implies bðnÞ 2 cðlÞ. Since kbðnÞk ¼ 1, it follows that
kI � QrkP kðI � QrÞðbðnÞÞ
¼ kð0; . . . ; 0|fflfflfflffl{zfflfflfflffl}

rþ1

;�1; . . . ;�1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
n�ðrþ1Þ

; 0; 0; . . .Þk

¼ sup 1; 2
ln�1

ln
; 2

ln�1

lnþ1

; 2
ln�1

lnþ2

; . . .

� 	
P 2

ln�1

ln
:

Since it is true for each n > r þ 1, we get (5.24). �

Let us remark that if ln ¼ nþ 1 for n ¼ 0; 1; . . . ; then kI � Qrk ¼ 2 for

r ¼ 0; 1; . . .
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