FULL-RANK AND DETERMINANTAL
REPRESENTATION OF THE DRAZIN INVERSE

PREDRAG S. STANIMIROVIC AND DRAGAN S. DJORDJEVIC

ABSTRACT. In this article we introduce a full-rank representation of the
Drazin inverse AP of a given complex matrix A, which is based on an arbi-
trary full-rank decomposition of Al, I > k, where k is the index of A. We
show that the known representation of the Drazin inverse of A, devised in
[7], represents a partial case of this result. Using this general representation,
we introduce a determinantal representation of the Drazin inverse. More
precisely, we represent elements of the Drazin inverse AP as ratios of two
expressions involving minors of the order rank(A¥), k = ind(A), taken from
the matrices A and rank invariant powers A', > k. Also, we examine con-
ditions for the existence of the Drazin inverse for matrices whose elements
are taken from an integral domain. Finally, a few correlations between the
minors of powers of the Drazin inverse AP and the minors of the matrix A*
are explicitly derived.

1. Introduction

The set of all m x n complex matrices of rank r is denoted by C"*™, and
the set of all m x m matrices of rank r whose elements are taken from an
integral domain I is denoted by I”"*™. Tr(A) denotes the trace of a square
matrix A, the determinantal rank of A is denoted by p(A), and |A| denotes
the determinant of A.
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An arbitrary matrix A € C*™ has the Drazin inverse, provided that
there exists the unique matrix AP € C"*", satisfying
AFFIAD — AR AP AAD = AP, AAP = AP A,
for some non-negative integer k= ind(A)=min{p: rank(A4P*!)= rank(Ap)}.I
P
In the case k = 1, the Drazin inverse is well-known as the group inverse of
A and is denoted by A%,

For A € C™*™ if G € C™*™ gatisfies AGA = A, GAG = G, then G is
a reflexive g-inverse of A. G is called the Moore-Penrose inverse of A if it

satisfies the equations
AGA=A, GAG=G, (AG)" =AG, (GA)" =GA.

We use the following notation from [1], [12]. Let A be an m x n matrix of
rank r; let @ = {a1,... ,a,} and = {B1,...,3,} be subsets of {1,... ,m}
and {1,...,n}, respectively, of the order 1 < p < min{m,n}. Then [ A7 |
denotes the minor of A determined by the rows indexed by « and the columns
indexed by 3.

For 1 < p < n, denote the collection of strictly increasing sequences of p

integers chosen from {1,...,n}, by
Opn={a: a=(al,...,ap), 1 <a; <---<a,<n}.
Let N = Q. X Q;.pp. For fixed a € Qg € Qs 1 <k <7, let
I(a)={I: T€Qum IDa}, TB) ={J: J€Qp, JDpB},
N(a, B) = Z(a) x T (B).

If A is a square matrix, then the coefficient of | A% | in the Laplace expansion

of |A| is denoted by

0
—|A|. For the special case o = {i}, § = {j}, we
9] A3 |

0
get the cofactor of a;;: — | A].
8aij
We use C)(A) to denote the pth compound matrix of A with rows indexed

by r-element subsets of {1,...,m}, columns indexed by r-element subsets
of {1,...,n}, and the («a, 3) entry defined by | A% |.
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Also, we use the following extensions of these notions:
Nro = Qrpom X Oy, Where 1 = rank(AY), 1>k = ind(A);

for fixed o, B € Qpn, 1 <p <1y, let
Irk(a) ={I: I¢ Qryms I2a}, jm(ﬂ) ={J: Je Qryns J 2 B},
Nrk(avﬂ) = Irk (a) X ka (ﬁ)

The paper is organized as follows. In Section 2 we introduce a full-rank
representation of the Drazin inverse of a complex matrix A, by means of
components from an arbitrary full-rank factorization of any matrix power
Al 1 >k = ind(A). We show that the Cline’s representation of the Drazin
inverse [7] gives a partial case of this general representation. This full-rank
representation will be used in Section 3. In Section 3 we introduce a deter-
minantal formula for the Drazin inverse of a given complex matrix A. In
other words, an arbitrary element of the Drazin inverse is characterized in
terms of minors of the order r, = rank(A4*), k = ind(A), selected from the
matrices A and A', | > k. Such an approach, as far as we know, is not
employed before. In the papers [1], [2], [3], [4], [12], [13], [14], concerning
the determinantal representation of generalized inverses, only r X r minors,
r = rank(A), are used in investigation and representation of the reflexive
g-inverses, the Moore-Penrose inverse and the group inverse. In the papers
[8], [9] there are investigated the determinantal representations of general-
ized inverses for matrices over an arbitrary field. In these papers it is allowed
to use minors of the order h, h < rank(A), but its application in the repre-
sentation of the Drazin inverse is not mentioned. Among the other results,
we develop full-rank and determinantal representations for some expressions
involving the Drazin inverse, arising from the representations of the Drazin
inverse. As an consequence we obtain the known determinantal formula for
the reflexive g-inverses, introduced in [2].

In the set of matrices over an integral domain I we give a few necessary

and sufficient conditions for the existence of the Drazin inverse and its deter-
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minantal representation. These conditions are complementary with respect
to the conditions for the existence of the Drazin inverse, investigated in [13].

In the last section we investigate correlatons between the minors of the
order rank(A*).

2. Representation of the Drazin inverse

based on the full-rank decomposition

Using the known Cline’s representation of the Drazin inverse [7], we intro-
duce a full-rank representation of the Drazin inverse in terms of the full-rank

factorization of the matrix powers A', [ > k = ind(A).

Theorem 2.1. The Drazin inverse of a given matriv A € C'*™ can be

represented in the form

AP = Pyu(Qa A Pat) ' Quar,

for an arbitrary integer | > k = ind(A) and arbitrary full-rank factorization

Al = PyiQ A of the matriz power Al

Proof. Using the following useful property of the Moore-Penrose inverse
from [7]: (BCD)" = DTC~!BT, where B has full column rank, C' is nonsin-
gular and D has full row rank, we get
(AT = (ParQar APy Qat)' = (Qa) (QarAPar) ™! (Par)t.
Applying this result to the known representation of the Drazin inverse from
[7): AP = Al(A2+1)T Al we obtain the following:
AP = PuiQa(Qa) (QaiAPA)  (Pat) ParQ a
:PAl(QAlAPAl)_lQAl. O

Remark 2.1. From [16] we can derive the following general representation

for an arbitrary reflexive g-inverse X of A:

X =VQ*(P*UAVQ*)"'P*U, rank(P*UAVQ*)= rank(A).
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This representation is equivalent to the following representation, introduced
in [15]:
X = Wi (WoAW,) "' W,  rank(Wo AW;) = rank(A).

Therefore, the Drazin inverse and the class of reflexive g-inverses possess the

same general form:

W1 (W AW,) ™' Wy,  where Wy AW, is invertible .

In the rest of this section we investigate representations of some expres-
sions involving the Drazin inverse, in terms of an arbitrary full-rank factor-

ization of rank invariant powers of A.

Theorem 2.2. If A is an n xn complex matriz of index k and A' = PqiQ a1

is an arbitrary full-rank decomposition of Al, 1 >k, then
(i) (A7) = Par(QuA'Par) ' Qar = Pai(QarPa1) "> Par;
(i) AAP = Py(QarPa) 'Quar;
(ii) (AP)! = Q) QAP (P,
Proof. (i) Follows from (AP)! = (AY)# and the known representation of the

group inverse: If B = RS if a full-rank factorization of a square matrix B,
rthen B# = R(SR)~2S.

(ii) Using AAP = Al(A?)T Al from [7], we obtain
AAP = PuQa(Qa) (QaPat) (Pat) ParQar = Par(QaiPat) ' Q.

(iii) P4 has full column rank, @ 41 P4 is invertible and @ 4 has full row

rank, and again applying the property (BCD)" = DIC~1B' from [7] we get
- T
(AP) = (Pa)(QaAP4) ' Qa)' = (Qa)'QuAPu(Pa)" O
Remark 2.2. The properties of the Drazin inverse investigated in Theorem

2.3 can be verified using the canonical form representation of the Drazin

inverse from [6, p. 122].
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3. Determinantal representation of the Drazin inverse

In the following theorem we introduce a determinantal representation
of the Drazin inverse. More precisely, elements of the Drazin inverse are
expressed in terms of minors of the order rank(A*), k = ind(A), taken from
the matrices A and A', [ > k.

Theorem 3.1. The Drazin inverse of an arbitrary matriv A € C**™ pos-

sesses the following determinantal representation:

8 «
[(ADg ] 5.~ 1451
4D _ (DN () aji
N > (A [147]
(3.1) (V:0)ENT,
a o
[(ADG ] 5— 1451
_ (aB)EN, (5:0) @i L<ii<
B (G, () =

where | > k = ind(A) and r, = rank(A').

Proof. Assume that A = P(Q is an arbitrary full-rank factorization of A, and
Al = PyuQ 4 is a full-rank factorization of A!, [ > ind(()A). According to
Theorem 2.1, we get
_ Paradj(QaiP QPa1)Qa

|QaPQPa |
An application of the Cauchy-Binet theorem transforms the denominator in
(3.2) as follows:

|QutPQPa|= Y [(QuP)|[(QPa)|= > [QuP||QPul

Cegrk,r Cegrk,r

(3.2) AP

Another application of the Cauchy-Binet formula gives

1QuPQPyul= Y | > [(Qa)y|IPY] > 15| (Pa)]

eegrk,r 'Yegrk,n 6€Qrk¢n
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Hence,

QuPQPay|= Y [(AN[[ > 1P Qs

(7,0)EN, €€Qry v

= S 1A PQsI= S [(AD]]A7]
(7,0)EN,, (7,0)EN

= 3 (AL A3 ] = TH(Cy, (A1),

5€Qr,

Now we consider the overlying expression in (3.2). If the submatrix of
A, generated by deleting the ith row of A (the jth column respectively), is
denoted by Al (Ayjy respectively), then we can write

(adj(QarP QPar));; = (=1 [(Qa) VY P Q(Par)ay |-
The Cauchy-Binet formula produces

(adj(QarP QPan))y;=(=1)" Y [((Qa) - P)a|1(Q- (Par)giy)° |

6,€Q7‘k71,7‘

= (=1)"" Z Q- (Pat) gy | Q)WY - P

f,egrk—l."r‘

Now, applying the Cauchy-Binet formula to both of the determinants con-

tained in the last formula, we obtain

(adj(QAZPQPA’))i]‘ :(_1)i+j Z Z ‘Qf@*’/

e/egrk—l,r ﬁlegrkfl,n

[(Pa) ()7 %

<D IPYI(Qan) )]

a’eQrk —1,n
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Therefore,

(adj(QuPQPa)) ;= Y > E0HQY | (Pa)ia)? ] %

Elegrk—l,r ﬁ/egrk—l,n

< | Y W IPE 1 (Qa) ¥ )a |

a’'€Qr; —1,n

Consequently,

T

(Paradj(Qar PQP));; =Y (Pat)ir (adj(Qar P QPar)),

t=

= > > legl <Z ) (Pat)it ’((PAI){t}’)B,O X

IEQrk_l r 6 EQrk—l n

—_

3
Ea

x| Y0 P ((Qa) Y o |
alegrk—l,n

If 4 is contained in the combination £, then

Tk

D (=D Paie | (Pa)gay)® | =0,

t=1

If the set 5’ does not contain ¢, then ¢ = 3, and the system (3’ is denoted by

B={1<p<...<PBp1<Bps1<...<Bp, <n}.
If the set G denotes the following combination:

/8:{1§51<"-</3p—1<i:Bp<ﬂp+1<...<ﬂrkSn}

we obtain the following representation for (Pa adj(Q P QPat)),;:

Yol 2 Ewrlenaliean)|l D0 YIRS ((Qa) Y ) wl

€/€Q7‘k71,r ,BEJrk (Z) alegrkfl,n

Continuing in the same way, we get
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Tk

(Par adj(Qu PQPA)Qa) ;=Y _(Pary adj(Qa1 PQPA)), (Qar)e;

t=1

= > | X 0@ | 1(Pa)? ] x

€€Qry 1. \ STy, (1)

<| X 1P 1Y (- 1HQa)y | (Qa) ™ ) |

OéleQrk—l,n

Similarly, if 7 is contained in the combination «/, then

Tk

D (=D (Qa)i | (Qar) ey )ar | =0.

t=1

Otherwise, j = a4 and the systems o’ and « are equal to
/
o ={l<a1<...<op1<ag1 <...<ap <n}
a={l<a<...<oqp1<j=0o3<ag41 <...<oy, <n}

Therefore, the (i, 7)th element of the matrix Py adj(@Q 4t PQP41)Q 4 is equal
to

Yool 2 Cwrl@a PP DD DRI (Qanal

¢€Qrp 1.\ BET (i) a€Ty, (7)

= > j@g YD ot PN Q5 gy |

(Oé,ﬁ)eNrk (.77’5) E/EQ'r'k—l,r

= > @ P Qp gy |
(08) €N, (5,1

a «~
= > @243, 0
(a,8)EN,, (5.,i) 7

Corollary 3.1. The determinantal representation of an arbitrary element

of the Drazin inverse of a given matriz A € C'*"™ possesses the form
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D ..
(3.3) Af= Y X ,ﬁa |[AZl, 1<4,j<n,
(0,8)EN -, (4,4) @i

where the matriz A = (\o,8) satisfies the following conditions

(3.4) rank(A) = 1, > daplAg=1.
(,8) N,
Proof. Indeed, for arbitrary [ > k = 1nd( ) we can use
= (|QaAP4 ) (4H7)
= Z | (AD2 |1 A7 | ) Cr, ((AHT)
(s 5)€Nrk

= (Tr(Cy (A1) ( O

Remark 3.1. (i) In the case | = ind(A) = 1, the result of Theorem 3.1

reduces to the known determinantal representatlon of the group inverse,
introduced in [13].
(ii) Representation of the Drazin inverse, given in Corollary 3.1, is similar

to the following representation of the reflexive g-inverses from [12]:

Proposition 3.1. Let A € C"*". Then G = (gi;) is a reflezive g-inverse
of A if and only if

9ij = Z Aa, aa ’A K
(e, B)EN (4,7)
where Ao g € C and (a, 3) € N satisfy
> AaslAgl=1,
(a,B)EN
and the rank of the matrix A = (Ao g) is

rank(A) = 1.

(iii) The generalized inverses over an arbitrary field are investigated in [8]

and [9]. In these papers it is allowed to use minors of the order h < rank(A)
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from a given matrix A in the known determinantal representation of the
Moore-Penrose inverse. The order h of the minors is the greatest integer

satisfying

Ni(A) = > |A5|1Ag] #0.
(a,ﬂ)EN},

The algebraic complement of the order h, corresponding to a;; is defined by

AV = YAy,
(c.8) €N (5:7) Y
The result of Theorem 3.1 is a continuation of these results in the following
sense: the determinantal representation of the Drazin inverse can be gener-
ated in the case h = rp = rank(A'), | > k = ind(A), substituting the minors
’Zg | of the order h by the minors of the order ry from (A")T.

In the light of Proposition 3.1 , it seems interesting to state the following

problem, representing the dual result to Corollary 3.1.

Problem 3.1. If each element of the matrix X can be represented by (3.3)
and (3.4), then does it follow that X = AP ?

In the following theorem we introduce a determinantal representation of

a few expressions involving the Drazin inverse.

Theorem 3.2. For a given matrix A € C*™ with the Drazin inverse of the

index k, we obtain the following determinantal representations:

> [ (Qat)a || (Par)®|

QEJr'k. (Z)v ]éa

Dy . _
A = S Qa1

(i) YEQry ,n

IR CNIIERY
oaedr, (1), j¢a ..

_ <ij<n.
Te(Cry (AD) y 1=hisn
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| (Par)® || (Par)|

(AP(AP)T)y > [(Pa)[[(Pa)]
(11) ’YEQrk,n L
7.0, ie | (Pa)* || (Par)™|
acdr, (1), j¢a b
- Tr(Cr,, (Par (Pai)*)) EnaEn
i Z(:) ’ [ (Qat)a || (Pa)a|
AD TADZ,.:CVG re (), J ai
((A7)1A7)s > 1@a)y [1(Qan)s |
(i) 7€
> HQaall(Pat)al
_ €T (D), iga , 1<i,j<n.

Tr(Cr, ((Qar)*Qar))

Proof. (i) We start from the representation AAP = Py (Qa1Pa)~tQar,
developed in the part (ii) of Theorem 2.3. Using the methods from [8], it is

an exercise to prove

0

> [(Qar)al P | (Pa)*|
(QuPa) " Qu), =" - (=)
A At > [ Qa)y [ (Pa)| TN Isisn e
’Yegrk,n
Now, for arbitrary 1 < 1,7 < n we get
Tk
(AAP);; :Z(PAl)it ((Qa PAl)_lQAl)tj
t=1
S 1 @Qaal 5 (Pau o [(Pa)e
Dea V)it ———— 1
 a€d, (), ifa AT A (P A
B > [ Qa)y [[(Pa)|

’YEQTk,n

> [Qaal|(Par)™|

aey?”k (7‘)7 ]%OA

T 1@a [[(Pa)]

'Yegrk,n
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In the rest of this part of the proof we use the following:

Yo @Qay [1(Pa)T = Y [(ANT]= Tr(Cp, (A1)

YEQr, ,n YEQr, ,n
(4), (¢it) Using the known result from [7]:
AP(AP)T = AN ANT, (AP)TAP = (AhTAl

we get
AP (AP =Pyi(Pa) = Pai (Pa)* Pa) ™" (Pa)*

(AP AP =(Qa)'Qa=(Qa)" (Qar(Qa)") ™' Qar.

Now, the proof can be completed in the same way as in the part (i)

13

O

It seems interesting to replace the components P, and )4, from the

full-rank factorization A! = P4 Q4, by two appropriate full rank matrices

Ps € C*" and Qr € C7**™. This idea leads to the following determinantal

representation of the subclass of {2}-inverses.

Theorem 3.3. Assume that A € C™*" has the index k and rj, = rank(A¥).
Let Ps € C"*™ and Qr € CJ*" satisfy rank(QrAPs) = ri.. Then the

Tk

matriz G, defined by

S (PsQr) | <

_ (OC,B)GNrk (]71) aa]Z
> [(PsQr)y A7

(775) ENrk

| (PsQr)5 |
(.B)EN,, (5:1) daj

| AG |

B

| AG |

B

= , 1<i<m; 1<j<m

Tr(Cr, (PsQrA))
satisfies G € A{2}.

Proof. Using the principles from Theorem 3.1, one can verify

G = Ps(QrAPs) "' Qr.
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Consider two full rank matrices Qs € C7**" and Pr € C*"*, such that
rank(QrAPs) = ri. Then PsQg is the full-rank factorization of the matrix
S = PsQs € C2X" and PrQr is the full-rank factorization of the matrix
T = PrQr € C}X". According to the known result about {1,2}-inverses

and full-rank factorizations from [5], we get
G = PsQsQ§ ™ (QrAPs) ™ P PrQr = S(TAS))T.

Using the general solution of the equation (2) from [16, p. 56], it is easy to
conclude that G € A{2}. O

Example 3.1. Let us consider the matrix

1 -1 11
0 1 -1 1
A= 1 -1 1 2
1 -1 11

It is easy to verify the following: r = rank(A) = 3, rank(A42?)= rank(A43)=2.
This implies k= ind(A4)=2, 7, = rank(42%)=2.

Let the matrices Ps and Q1 be chosen as follows:

11 -5 -3 0
PS_ 5 QT_

-2 -8 11

1 7 0 3 3

A:

0 1 1 37
L 1 2 1
10 2 5 10
X =
3 _1 _1 _3
10 "2 75 10
1 1 4
L _5 O _g _g_

In the case
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4 3
10 01 -1 0
Ps=Pp=| . , }

) QT:QA2:|:1 0 0 1

-4 3
we obtain the following Drazin inverse of A:

11 1 1-
2 2 2 2
7 5 5 1
AD_ 4 2 2 4
5 3 _3 5
4 2 2 4
101 1 1
-2 2 2 2=

The determinantal representation of the reflexive g-inverses, introduced

in [2] can be derived as a consequence of Theorem 3.3.

Corollary 3.2. The class of reflexive g-inverses of A € C"*" is character-

ized by the following determinantal formula

8 (e
> HZ 5145
G — (a,)EN (4,3) aj;
] > 4]

(v,0)eN
where H € CI"*™ satisfies rank(AH) = rank(HA) = r.

1<i<n; 1<j<m

Proof. Using the following known general solution of the system of equations
(1), (2) from [15], [16]:

G= Wl(WQAwl)_1W2, Wy € C?XT, Wy € (C:Xﬂ

we conclude that G can be derived from the set of {2}-inverses, defined in
Theorem 3.3, for the case r, = r, Ps = W1y, Qr = Ws. This implies the

following determinantal representation for G:

a «
> |(W1W2)g|a — | AZ |
_ (@B)ENG) aji
S lWWR) 1A
(7,0)eEN

1<i<m 1<j<m
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Now, W7, W5 can be considered as the factors of the full-rank factorization
of the matrix H = W1W, € C**™. In [2] it is proved that the conditions
rank(AH) = rank(HA) = r are equivalent to rank(W;AW;) = r, which
ensures invertibility of the matrix Wy AW;. O

Now we give a few necessary and sufficient conditions for the existence of
the Drazin inverse, for matrices whose elements are taken from an integral
domain I. These results are additional with respect to the conditions for
the existence of the Drazin inverse, proposed in [13]. Derivation of the
determinantal formula for the Drazin inverse can be transferred from the set
of complex matrices. Remark that in [13] the Drazin inverse is investigated
only through the representation AP = AF(A2*+1)(DA* where k = ind(A)

and (A2*T1) (1) stands for an arbitrary g-inverse of A.

Theorem 3.4. Let A be an n xn matriz of rank r overl, A = PQ be a full-
rank factorization of A. Let k = ind(A) and assume that | is an arbitrary
integer satisfying | > k. Consider the sequences P;, Q;, 1 = 1,... 1 defined
as follows:

A=PQ=P,Q,, P=P cC, Q=Q,cC™",
QiPi = Piy1Qiy1, Pip1 € CLXlitt Qi € Critt i 4=1,...,1

Ti4+1 Ti41
such that P;11Q441 is a full-rank factorization for Q;P;, 1 =1,... 1. Then
A = PuQa is the full-rank factorization of A, where Py = Py--- P,

Qa=Q;--Q1, 1 > k. Also, the following conditions are equivalent:
(i) AP exists, and k = ind(A) < oco.
(ii) QrPx is the invertible matriz over L.
(iil) QarAPyx is the invertible matriz over 1.
)

(iv) u= Y [(A"||AY| = Tx(Cy, (A*1)) is invertible in 1.
(’y,6)EN¢-k

Moreover, the Drazin inverse, if it exists, is given by the following full-
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rank and determinantal representations
AP = Py (QuAPy) ' Qar;

3.5 _
(3:5) (AP)yy=ut ) (A2 15
. g
(c,8)ENT,, (4,1)

0
Aa
45

Proof. (i) < (ii): This is a known result [7, Theorem 1]

(ii) < (iii): The matrix QP is invertible if and only if (QxPy)**! =
Q 4x APy is invertible.

(iii) < (iv): A square matrix over a ring is invertible if and only if its
determinant is invertible in the ring [10], [11]. Hence, @Q o AP4x is invertible

matrix in [ if and only if | Q@ 4x AP4x | is invertible in I. From Theorem 3.1

we obtain

|QurAPy [ = Y [(AF)S ][ A7 | = Tr(Cp, (A*T))

and complete this part of the proof.

(iii) = (i): If QaxAPyx is invertible, then rank(Q ax APsx) = ri. This

means the following:
rank(Pyr) = rank(Q ) =
Consequently,
(3.6) rank(A*) = rank(PscQ 4x) < 7%
Also, using
Tr(Cy, (Qux AP4x)) = Tr(Cp, (Qar) - Cr, (A) - Cy (Par))
=Tr(Cr (A) - Cpp (Par) - Cr (Qar))
— Tr(Ch (AP4xQ ax)) = Tr(Cy (AFH1))

we conclude rank(A**1) = rank(Q qx AP4x) =1}, which means rank(A*)>
7. Using this result and (3.6) we conclude 74 = rank(A*) = rank(A**1),

which means k = ind(4) < oc.
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Finally, the representations (3.5) can be developed applying the method

used in the set of complex matrices. O

As an easy consequence of Theorem 3.4 we obtain the following result
related to the conditions for the existence and representations of the Drazin
inverse. Some of these conditions are complementary with respect to the

results from [13].

Corollary 3.3. Let A be an n X n matriz of rank r over I and A = PQ be

its full-rank factorization of A. Then the following conditions are equivalent:
(i) A% exists.
(ii) QP is the invertible matriz over I.

(iii) QAP is the invertible matriz over 1.

2

(iv) u= > |A|[AY|=| X |AY|| =Tr(Cr(A?)) is invertible in
(7’6)6-/\/' Wegr,n

I.

Moreover, the group inverse, if it exists, is given by the following general

and determinantal representation:
AP = P(QAP)™'Q = P(QP)*Q;
3.7 _ 0 o
&1 TR DAV
. Qjq
(o, B)EN (5,7)

Remark 3.1. Equivalence of the conditions (i) and (iv) and the determinan-

tal representation of the group inverse are the known results in [13].

Using (AP)! = (AY# from [7], the known results about the existence and
the determinantal representation of the group inverse from [13], together
with the results of Corollary 3.3, we obtain a few conditions for the existence

of (AP)! and its determinantal representation.

Corollary 3.4. Let A be an n x n matriz over I, such that p(A') = ry,
where I > ind(A) is an arbitrary integer. Then the following conditions are

equivalent:
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(i) (AP)! exists.
(i) Cn, (AY) has a group inverse.

(iii) u = ( > (A ]) = Tr(C,(A2%")) is invertible in 1.

’YEQT-k,n
(iv) p(AY) = p(A?) and A? is regular.

(v) QaitPyi is the invertible matriz over L.
(Vi) QatAP4u is the invertible matriz over L.

Moreover, if (AP)!, exists, then it is given by

(A7), = 30 12 g | (405

(e, B)EN, (4:1)

4. Minors of the Drazin inverse

Now we examine properties of the minors of the Drazin inverse. Our
motivation for this investigation is based on the following results. It is well
known that if A is an m X n matrix of rank r over an integral domain I, then
At and A* have the proportional 7 x r minors [1]. In [2] it is proved that A
admits a g-inverse whose r X 7 minors are proportional to the corresponding
minors of a given m x n matrix H if and only if Tr(C,(AH)) is invertible.
Similarly, if A is an n x n matrix, then A7 and A have the proportional
minors of the order r [13]. In Theorem 4.4 we generalize the result from
[13], and show that the Drazin inverse AP and A', [ > k = ind(A) have the
proportional minors of the order 7, = rank(AF). Firstly we prove several
useful relations between the minors selected from the powers of the Drazin

inverse and the corresponding minors taken from the Drazin inverse.

Lemma 4.1. Let A € C"*"™ has a Drazin inverse AP of index k and rj, =

rank(AF). Then for each p > 1 the following two identities are valid:

(1) Cro ((AP)PHY) = Gy ((AP)P) Tr(Cr, (AP));
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(i) Cr ((AP)P) = Cp (AP) [ Ta(Cy, (AP))]"
(iii) There exist constants ¢;, d;, 1 <1i < ( ), such that

n
Tk

)

(Cl(4P)),; = e (Co((APP), o 1= (1),

Proof. The proof proceeds by the induction on p. Indeed, in the case p=1
the statement (i) is evident. Since rank(AP)= rank(A*) [7], we conclude

rank(C,, (AP”))=1. Consequently, there exist constants c;, d; which satisfy

b = ¢;d; b 1,7 ).
(Cru(AP)), = cudy (Crp(AP)),,, 1< < (rk>

ij
Hence, (7i7) is also satisfied in the case p = 1.
Finally, the statement (i) can be verified for the case p = 1 as follows:
(2)
(Cr ((AP)2)) =3 (Cr (AP)),, (€ (AP)),,

t=1

(")
= 11
t=

Suppose that the identities (i), (i7) and (éii) are already true for any
number p less than u. We prove (i), (i7) and (ii7) for p=u-+1. Indeed, using
Cr, (AP)PH) =, ((AP)P)Cr, (AP)
the case p = u, we get

Cr, ((AP)"H) =, (AP) O, ((AP)Y)
Cr, (AP)Cr, (AP)*71) Te(C, (AP)

Cr, ((AP)*) Ta(Cy, (A7)

and the inductive hypothesis for (i) in
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Therefore, the statement () is valid.
An application of the proposition (iz) for the case p = u in the statement
(1) gives us that
w u—1
Cr ((AP)*F1) = C,, (AP) [Tr(Cr (AP))]T Ta(Cy, (A7),

which confirms (i7) for p = u + 1.
Lastly, from the inductive hypothesis for (iii) we obtain

o € ((AP)"H1) = (Cr, ((AP)™)),; Tr(Cr, (AP))
' = cidy (Cr, ((AP)™)),, Tr(Cr, (AP)).

Using (¢) and (4.1) we obtain

Cr (AP)*HY) = cidy (Cr ((AP)F)) -
This verifies (#i7) in the case p = u + 1 and completes the proof. O
Theorem 4.1. The Drazin inverse, the powers of the Drazin inverse of
a given matric A € CP*" and the matriz power A*, k = ind(A), have

proportional minors of the order rj, = rank(A¥), as follows:
(i) Cr(AP) = [Tr(Cp, (AP)] " [Tr(Cy, (49))] 7 G (AF);
(i) Cr ((AP)P) = [Ta(Cr (AP)))" " [Te(Cy, (49))] 7€y (AR);

-1

(i) Co((A#)?) = [T ([ Te(Co(A))] > Cr(4) | [TH(Cr(A)) 2 Cr(A),
where p > 1 is an arbitrary integer.
Proof. (i) Applying the known result from [7]: (AP)* = (A¥)#, we obtain
Cru((AP)*) = Gy ((AF)#)
Using Cy, ((A")#) = (Cy, (4%)) and C,, ((AP)¥)
(4.2) (Cr (A9) T = ((Cr (A)P)
Now, using (C, (A))* = C,., (A*) and the following known result about the

= (C’rk(AD))k we get
k

group inverse from [13]:

(4.3) Te(C,(A#)) = [Tr(Cr(A))] 7 C,(A),
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we can write
# # -2
(4.4) ((Cre(A))F) " = (Cr (AM) T = [Tr(Cr (AF)] 7 Oy (AF),
It is easy to show that (C,, (A))P = C,,(AP). Using this result together
with (4.2) and (4.4), we obtain
k k -2
(Cre(A)P) = (Cr (AP)) " =Cr, ((AP)*) = [Tr(Cr, (AM))] 7 (AP).
Consequently, (A”)* and A*¥ have proportional minors of the order r. Now,
applying proposition (i) of Lemma 4.1, we get
1-k -2
Cf’k (AD) = [Tr(cf’k (AD))] [TI‘(CT]C (Ak))] CT'k (Ak)

(ii) Follows from the just proved result and from the part (i) of Lemma
4.1.

(iii) In the case k = 1 an application of (4.3) to the result (i) of Lemma
4.1 leads to Tr(C,(A#)) = [Tr(C,(A))] * C,(A), and produce the following
Co((AF)P) = [ Tr(Co(A#))]7 [Te(Cr(A))] 72 Co(A)

-1

=[e( e (AN e )] (e ) e ). O

Remark 4.1. (i) In the case k = ind(A) = 1, part (i) of Theorem 3.3 pro-
duces the known result (4.3). This result is also obtained in the case p = 1

from the part (iii) of Theorem 3.3.

(ii) From Theorem 3.3 and Theorem 4.1 we conclude that G is the Drazin
inverse of A if and only if the following two statements are valid: (i) G is a
{2}-inverse of A and (ii) G and A*, k = ind(A), have proportional minors
of the order ry = rank(Al), I > k.

Example 4.1. Consider the following matrix

1 -1 11
0 1 -1 1
A= 1 -1 1 2
1 -1 11
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The minors of the order ry = 2, selected from AP (derived in Example 3.1)

are contained in the matrix

- 3 3 3 3 -
s 5 00-%5 §
1 1 1 1
§ 75 00-5 3§
0 000 0 0

Cy(AP) =
b0 o
R ELRE
1t 3ok

Also,

r3-3 0 0 -3 37
1-1 0 0-1 1
5 | 0000 0 0
CAN=1_4 4 0 0 44
-3 300 3-3
-1 1.0 0 1-—1.

This confirms the following result, which follows from part (i) of Theorem

4.1:
Co(AP) = [Tr(C’Tk (AD))]_1 [Tr(C'g(AQ))] -2 Co(A?)=2%1/16 x Co(A?).

Finally, using

- 3 3 3 3 -
16 16 0 0 16 16
1 1 ! 1
16 16 0 0 16 16

es}
es}
s}
[an}
[an}
[an)

C2((AP)?) = o o
-z 1 00 3 -1
3 3 3 3
—1%6 16 V0 1 16
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which confirms the following computation, implied by the part (i7) of The-

orem 3.4:

C((AP)?) = [ Te(Ca(A2))] "7 Ca(A%) =1/16 + C5(A?).

From Theorem 3.1 and Theorem 4.1 we conclude the following.

Corollary 4.1. Consider A € C*" of the index k. Then the Drazin inverse
of A can be expressed in terms of one’s own minors and the minors of A, as

follows:

8 (67
> I(AD)QI*a — [ A3 |
(,B)EN T, (4,%) Aji

> [(AP)S 147
(7,0)EN T,

)
> (AP)]55—A3]
_ (@B)EN (G:d) i L<ii<n
- Te(C,, (ADA)) ’ =T

D _

where 1), = rank(A¥).
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