NEW TYPE OF MATRIX SPLITTING
AND ITS APPLICATIONS

PREDRAG S. STANIMIROVIG AND DRAGAN S. DJORDJEVIE

ABSTRACT. One possible type of the matrix splitting is introduced. Using
this matrix splitting, we introduce a few properties and representations of
generalized inverses as well as iterative methods for computing various solu-
tions of singular linear systems. This matrix splitting is a generalization of
the known index splitting from [13] and a proper splitting from [4]. Using
a generalization of the condition number and introduced representations of
generalized inverses, we obtain several norm estimates.

1. Introduction

Let C™ be the set of n-dimensional complex vectors, C™*" be the set of
m X n complex matrices, and C"*" ={X € C™*" : rank(X)=r}. By
I, we denote the identity matrix of the order r. We use N(A) to denote
the kernel, R(A) to denote the image of A, o(A) to denote the set of all
eigenvalues of A and p(A) to denote the spectral radius of A. If L and M
are complementary subspaces of C", then Pr 5 denotes the projector on L
along M.

For any matrix A € C™*™ consider the following equations in X:
(1) AXA=A, (2) XAX=X, (3) (AX)"=AX, (4) (XA)"=XA
and if m = n, also
(1F)  AFTIX = A (5) AX = XA.
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For a sequence S of elements from the set {1,2,3,4,5}, the set of matrices
obeying the equations represented in S is denoted by A{S}. A matrix from
A{S} is called an S-inverse of A and denoted by A(S). If X satisfies (1)
and (2), it is said to be a reflexive generalized inverse of A. The Moore-
Penrose inverse of A is its unique {1,2,3,4} inverse: AT = A{1,2,3,4}. A
matrix X = AP is said to be the Drazin inverse of A if (1¥) (for some
positive integer k), (2) and (5) are satisfied. The group inverse A# is the
unique {1,2,5} inverse of A, and exists if and only if the index of A satisfies
ind(A) :mkin{k‘ . rank(AF+1) = rank(4%)} =1 [6], [10].

We use the following known results from [2]:

Lemma 1.1. If B € C"*™ and L, M are complementary subspaces of C",
then

(a) Pr.ymB = B if and only if R(B) C L;

(b) BPp p = B if and only if N(B) 2 M.

The idea of splitting of matrices is originated by the regular splitting
theory, introduced in [11]. Several various types of matrix splittings are
defined in [16] and [17]. The definitions of splittings are collected in the
following definition (see [17]).

Definition 1.1. Let U, V be n x n matrices. Then the decomposition
A=U -V is called:

(a) a regular splitting of A if U=! >0 and V > 0;

(b) a non-negative splitting of A if U=! >0, U~V >0 and VU~ > 0;

(c) a weak non-negative splitting of A if U= > 0 and either U~V >0
(the first type) or VU ™! > 0 (the second type);

(d) a weak splitting of A if U is nonsingular and either U=V > 0 (the
first type) or VU1 > 0 (the second type);

(e) a convergent splitting of A if p(U~V) = p(VU!) < 1.

The concept of a regular splitting is used in characterizations of the usual
inverse and in iterative methods for solving linear systems. These results
are extended to the Moore-Penrose inverse and rectangular linear systems
in [3], [4]. This extension is based on the application of the proper splitting
[4].

In [13] it is presented the index splitting of a singular square n x n matrix
A and its relative iterations for the minimal P-norm solution of a singular
linear system Ax = b, x,b € C". Also a few representations of the Drazin
inverse are introduced in [13].



NEW TYPE OF MATRIX SPLITTING AND ITS APPLICATIONS 3

Definition 1.2. Let A € C**" with k = ind(A). Then the splitting A =
U — V is called an index splitting of A provided that

RU) = R(AF),  N(U) = N(A").

In the case ind(A) =1 the index splitting is known as a proper splitting
[4].

Our main idea in this paper is the generalization of these results to outer

inverses with prescribed range and kernel (so called Ag? )s inverses). For this

purpose we introduce a new type of a matrix splitting, which is a generaliza-
tion of all so far known splittings. It is known that all important generalized
inverses: the Moore-Penrose inverse, the weighted Moore-Penrose inverse,
the Drazin inverse, the group inverse, the Bott-Duffin inverse and the gen-
eralized Bott-Duffin inverse are all A% )S generalized inverses.

We are also motivated by the fact that the theory of outer inverses with
prescribed range and kernel is very actual (see for example [2], [5], [12],
[14], [15]). Also, it is known that {2}-inverses have many applications, for
example, in the iterative methods for solving the nonlinear equations and
the applications to statistics [14].

Now we describe main results of this paper. In the second section we
introduce one type of the matrix splitting, applicable for rectangular ma-
trices. We also develop a few properties and representations of generalized
inverses, based on this matrix splitting. Finally, using these representations,
we introduce iterative methods for computing various solutions of the linear
system.

This type of the matrix splitting is called the {7T',S} splitting and it is

useful in the representation of the generalized inverse Ag? )s and the solution

A% )Sb of a given linear system Ax = b. In a partial case
T =R({U) =R(A"), S=N(U)=N(A")

the results arising from the {7, S} splitting reduce to the known representa-
tions of the Drazin inverse and the minimal P-norm solution of the system
Az = b, introduced in [13].

From the other hand, in the case T' = R(A*) = R(U*) and S = N (A*) =
N(U*) our matrix splitting reduces to the well-known proper splitting, in-
troduced in [4].
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In the third section we introduce a generalization of the condition num-

bers K(A) = ||A]||AT|| and Kp(A) = | A||||[AP|, which is based on the
application of the generalized inverse Ag )s Using this generalization of the
condition number and representations of the generalized inverse Ag )S we de-

velop several norm estimates. The results of this section are generalizations
of the perturbation theory for the Drazin inverse introduced in [15].

2. New matrix splitting

In the beginning we introduce a possible generalization of the index split-
ting from [13]. This matrix splitting is applicable in characterizations and

representations of {2} generalized inverse Ag )S Also, this matrix splitting
can be applied in the construction of an iterative method which produces
various solutions of a given singular linear system Ax = b.

Definition 2.1. Let A € C™*"™ be of rank r, let T' be a subspace of C™ of
dimension s < r and let S be a subspace of C™ of dimension m — s. Then
the splitting A = U — V is called the {T', S} splitting of A if the following
condition is satisfied:

(2.1) UT @ S =C™

Remark 2.1. In the case
m=n, T=7RU)=RAF), S=NU)=N(A"), k> ind(A),

the notion of the {T, S} splitting reduces to the known notion of the index
splitting.

In the following theorem we introduce a characterization of the generalized
inverse Ag?’ )S

Theorem 2.1. Let A € C"*™, let T be a subspace of C" of dimension s < r
and let S be a subspace of C™ of dimension m — s, such that

(2.2) AT & S =C™.

Assume that A=U —V is a {T,S} splitting of A and dim(T") < rank(U).

Then the generalized inverse Ag?)s satisfies the following conditions:

(2:3) Urs = Ars = ~UrsVALs = ~ A7 VUL,
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2 2 _ 2 2 2 _
(2.4) AP = (I - URRV)UE, = USRI — VUZY) ™
and

2 2 _ 2 2 2 _
(2.5) Ups = (I + AP V) T AR = AR (T + VAT )~

Proof. Using known results from [2], [5], it is not difficult to verify the exis-
tence of the generalized inverses A% )s and ngg From Lemma 1.1 we obtain

2 2 2 2 2 2 2 2
~URLWVADs = ~UZL(U — AT, = ~USLUAL) + UZLAAT
_ @ |, 1)
= Pru@,ovw2nArs T UrsPriaa®) vaa®,

2 2
_ U a2,

Analogously we can prove U}ms — Ag )S = —Ag )SVU}ZEq Thus, the proof of
(2.3) is completed.

To prove (2.4) we need to prove that I — U:(F%V is invertible. Consider
an arbitrary x € C" satisfying

(I —UZLV)z = 0.
Then we get x = Ug)SVx, which implies

z e RUZY) =T
and

(2.6) Az € AT.

Also, from
USLU(I = UZLV )z =0

we get Uq(%Ax = 0, which means
(2.7) Ax e N(UZY) = S.
From (2.2), (2.6) and (2.7) we get Az = 0 and

reNANT.
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Since there exists Ag? )S, the restriction of A to T is an one-to-one operator.

Hence x = 0 and we get the invertibility of the matrix I — U;ng. From
o(MN)U{0} = o(NM)U{0} for arbitrary rectangular matrices M and N,
it follows that I — VU:(FQ%)9 is invertible also.

Since U = A—(—V) is the {T, S} splitting of U, in the same way as above
we can prove that I + Ag )SV and I + VA% )S are invertible.

Now the equalities in (2.4) and (2.5) follow immediately from the equali-

ties in (2.3) and the invertibility of matrices I — U}Q’?gv, I—VU:(rz’g, I—i—AggV
and [ + VAP, O

Analogous characterizations and representations of the Drazin inverse and
the Moore-Penrose inverse can be derived in certain cases of Theorem 2.1.

Corollary 2.1. Assume that A=U—V is a {T,S} splitting of A € C"™*".
Let the condition (2.2) be satisfied. Then the following statements are valid:

(a) In the case
m=n, T=TRU)=R(A"), S=NU)=N(A"), k> ind(A),

we get
AP = (1 -U*Vv)"lUu#.

(b) In the case
T=R({U")=R(A"), S=NU")=N(A")

we have
Al = (1 -Uv)~tut.

Proof. (a) From Theorem 2.1 we immediately obtain
(2) _ (2) ~177(2)
Ar(amywany = = Urwy v V)™ Urwy vy

which is equivalent to

AP = (I -U#*V)'U*.

(b) This part of the proof also follows from Theorem 2.1, since A% )S =
(2) _ (2) _ 7@ —
AR(amy n(am) = Al and Uz g = Urwnnwe = ut. =
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Remark 2.2. As it is shown in part (a) of Corollary 2.1, in the case m =
n, RU) =T = R(A*), N(U) = S = N(A%), k > ind(A), the result of
Theorem 2.1 reduces to the known characterization and representation of
the Drazin inverse, introduced in [13, Theorem 3.1]. Moreover, it is known
that many of important generalized inverses, besides the Drazin inverse, such
as: the Moore-Penrose inverse, weighted Moore-Penrose inverse, weighted
Drazin inverse, Bott-Duffin inverse, can be expressed as {2} inverse having
a corresponding range 7' and null space S [2], [5], [14]. Theorem 2.1 is
applicable to each of these inverses.

So far, we have used the introduced matrix splitting to characterize the
generalized inverses A(T27 )s and Uﬁ)g But, these matrix splittings can be used

in characterizations of the generalized inverse VT(Q;
Corollary 2.2. Let A € C**™, let T be a subspace of C™ of dimension

s <1 and S be a subspace of C™ of dimension m — s. If the conditions in
(2.1) are satisfied, A=U —V, and the following conditions hold:

VI'eS=C", dim(7T) < min{rank(U), rank(V)},

then
Vitk = (1= USLA) UL, = USL(T — AUZY) ™

Proof. The conditions in (2.1) and dim(7") < rank(U) ensure the existence
of the generalized inverse Uéfg Also, the conditions VT @ S = C™ and

dim(7) < rank(V) ensure the existence of the generalized inverse VT(ZS);
Finally, from (2.1) we conclude that V= U — A is a {T, S} splitting of V.
The proof immediately follows from Theorem 2.1. (|

In the following statement we derive a few iterative methods related to a
consistent linear system Az = b.

Corollary 2.3. If the conditions from Theorem 2.1 are satisfied and x € T,
then:

(i) The vector Aggb 18 the unique solution of the system
z=UZLVa + Uikb

for any b € C™.
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(ii) The iteration
2 2
T = ULV, + Ugkb, beC™,

converges to AS‘,?’)SI) for every xq € C™ if and only if p(U:(p%ng) < 1.

Proof. (i) From (I — UgsV)a = Ugpsb we have = = (I — US5V) "' UZ%b.
Applying Theorem 2.1 we get z = Arg )Sb, which completes this part of the
proof. The part (ii) follows from the part (i). O

Recall that a set K C R" is called a full cone if the following is satisfied:

A > 0implies \K C K, K is convex and closed, K+ K =R", KN(—K) =
{0} and the interior of K is nonempty.

A full cone K C R” induces a partial ordering in R™ given by

K
r<y ifandonlyif y—z€ K.

K
A sequence (z;) in R™ is K-monotone nondecreasing if z;; < x; for all
i=1,2,....
We need the following auxiliary results.
Lemma 2.1. Let K be a full cone in R™ and (s;) be a K-monotone nonde-

creasing sequence. If there exists some t € R™ such that t — s; € K for all
i=1,2,..., then the sequence (s;) converges.

Lemma 2.2 [9]. If K is a full cone in R™ and A € R™*™ has the property
AK C K, then K contains an eigenvector of A whose eigenvalue is p(A).

Now we formulate equivalent conditions for p(Ug)SV) <1
Theorem 2.2. Let L C R™ and KR™ be full cones and A =U —V be a

{T, S} splitting of A € R™*™, such that the conditions from Theorem 2.1

are satisfied, UJ(%L C K and U}%?SVK C K. Then the following statements
are equivalent:

2
(a) AYKXL C K.
2
(b) AQLVK C K.

(2)
p(ALSV)
() pUFLV) = ———T0
1+ p(ArsV)
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Proof. This result is similar as [4, Theorem 2 and Theorem 3|, but the proof
needs some corrections. Thus, for the convenience of the reader, we give a
complete proof.

(c) = (b) Since p(UﬁgV) < 1 we get

(I =UrsV) ™ = (UrsVy
7=0

and from (2.4) we get
oo
A =S vy
j=1
Since U( )VK C K we conclude A% )SVK C K.
(b) = (a) If A(TQ’)SVK C K, we shall prove that p(Ué,Q’?gV) < 1.
Since U}%)SVK C K, by Lemma 2.2 we get that there exist some z € K
such that Uf(pzngx = p(Uf(p%)SV)x. From (2.4) we get

pULSY)
AP Ve =1 UV oLy = — L5 7 4
| | STy’
Since Uq(%Vaf € K, Ag?’)SVx € K and K N (—K) = {0}, we conclude
p(U(2) 2
Now, from (2.4) we have

o0 o0
2 2 1 2 2 1
AL = Z(U}%V)JU:(F’;L c Z(U:(pv)SV)JK c K.
=0 =0

(a) = (c) Denote S, = ZZ;B(U:(F?)SV)” for each positive integer p.
Stnce 2 2 2 2 2 2
OB, ~Uf) . URUAD, — A,

we get

SpURs = UGk AAT = S,USLU AR — S,USLV ALY

p
= S, AT = S ULV AR = (1 = (UZLV)P) AT

n=1
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Now (U:(F%)SV)I’A%)SL C K and hence
(AL — S,USLL = (ULLV)PATKL € K.

If | € L, then ATl — S,U%l € K. Denote t = ALl and s, = S,Uy 4.
Then ¢t and s; (1 =1,2,...) satisfy the conditions from Lemma 2.1 and

lim (s; — s;-1) = lim (U §V) US4 = 0.

1— 00

From Lemma 2.2 there exists y € K such that U;%)SVy = p(Uq(?“)gV)y. Also,

there exists some = such that y = Ui(fgx Since R™ = L 4 (—L), we can
write x = [y — ls for some [1,lo € L. Then for all i we get

p(USV))'y = (ULLV Y UL — (ULSV ) UE L.

We conclude that the sequence (p(U}Q)SV)l converges to 0 as ¢ — 0o. Now
p(Ué%V) < 1 and again we get Ag?’)SVK C K.

To prove that (U(2) V) = _PATSV) notice that in the implication
p P\Yr s 1+p(AD, V) p

(b) = (a) we have already proved p(A(2) V) > P(UELV) or, equiva-
T,S = 1*P(U§2,)S‘7’)’ )

lently,

(2)
p(Ar’sV)
pUSV) < D0
L+ p(AFGV)

The reverse inequality can be proved in the same manner. Since Ag?’ )SVK -

K, there exists some z € K such that A%)SVZ = p(AggV)z. Then, from
(2.5) we get

p(Agg,)s

UELe = (14 ALY ARy = L
1+ p(Ar5V)

Thus, (c) follows. O
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3. Norm estimates and matrix splitting

It is known that the condition number of a given regular matrix A is
defined by cond(A) = ||A||||A7!||. In [8] the notion of the condition number
of an arbitrary matrix is defined by K(A) = ||A[/||AT||. In [7] the following
generalization of the condition number is introduced

K(A) = || A]l - inf{|] AW : A© € A{1}}.

The condition number Kp(A) = ||A||||AP||, which is defined with respect
to the Drazin inverse, is introduced in [15].

We introduce a generalized condition number of a matrix which is based
on the application of the generalized inverse Ag )S

Definition 3.1. For a given matrix A € C™*™ let T and S be subspaces

of C™ and C™ respectively, such that there exists the Ag? )S inverse. The
generalized condition number is introduced as

Kr,s(A) = |A[|AZ].

Remark 3.1. For T = N(A)t and S = R(A)’ the introduced generalized
condition number Kp g(A) reduces to the well-known generalized condition
number K(A).

In the case T = R(AF), S = N(A*), where k = rank(A), the condition
number Kp g(A) reduces to the condition number Kp(A).

In this section we show the usefulness of the introduced generalized con-
dition number Kp g(A).

Proposition 3.1. Consider the system of linear equations
(3.1) Az = b,

where A € C™*" b € C™. Let T be a subspace of C" of dimension s <
r = rank(A), and let S be a subspace of C™ of dimension m — s, such that
AT @ S =C™. If (3.1) is solvable, x € T satisfies

v =A7%b,  (z+dx) = AT(b + ob),

then 5
ozl _ e o

< K
|

b))
ol
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Proof. This result can be proved similarly as in [1, Theorem 5]. O

In the following theorem we establish the norm estimate for AS_,?, )s — U:(F2?g
using the generalized condition number. Here A = U — V is the {T,S}
splitting of A.

Theorem 3.1. Assume the conditions from Theorem 2.1 are satisfied. If
HAg)SVH < 1, then the following norm estimate can be established:

(2) (2) (2)
2 2 AT sV Il A7 sl A7 sV
”UI(“,)S - A(T,)SH < ®) < Kr,5(4) (2) '
1— A7Vl [AI(L = [[A7s V1)

Proof. Since ||Ag,? )SV|| < 1, from Theorem 2.1 we get the following expression
2 2 2) tr—1 4(2 2
Ups — A7 = (I + APSV) T Afs — AT

k=0 k=1

Hence

IAZV I AZ | 1AZ SV
oy = rns(d) @ vy
1 AR,V 1AL — AZ V)

2 2
Uy — AR

| <

Remark 3.2. Notice that Theorem 2.1 and Theorem 3.1 are generalizations
of the main result of Wang and Wei from [15, Theorem 3.2], stated for the
Drazin inverse. Moreover, in the verification of these results we do not need
the additional condition AA%QVA%EA = V which is essentially used in
[15].

Suppose that we know the matrix (1+09)A instead of the matrix A, where &
is a complex number. If there exist Ag )S and (A+5A)§3 )s inverses for suitable
chosen subspaces T" and S, one could ask the following question: can we give
a norm estimate for Ag )S - (A+ 5A)g )S? The answer is contained in the
following theorem.
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Theorem 3.2. For A € C™*" let § be a given complexr number, let T and

S be subspaces of C™ and C™ respectively, such that there exist Ag)s and

(A—i—éA)E,?S inverses. If H(A—i—dA)%é(SAH < 1 is satisfied, then the following
holds:

I(A+8A)3s0A|
1A+ 6A(1 — (A + 5A) 255 A])

\\Agig —(A+ 5A)§?}SH < Kps(A+6A

Proof. Let U = A 4+ dA. Since there exists Ag?)s and U:(FQg inverses, we
may consider A = U — JA as the splitting of A. Now, the conditions from

Theorem 3.1 are satisfied and the result follows immediately from Theorem
3.1. g

As an application, consider a perturbation of a linear system. We assume
A = U — V and there exist A% )s and U:(p2)s for given subspaces T and S.
Let there be given a linear system Ax = b and a perturbed system Uy = c.
If b € A(T) and ¢ € U(T), then the unique solutions in 7" are given as
T = Ag?’)sb and y = U:(p%gc.

The following result can be proved similarly as in [15, Theorem 4.1], using
our Theorem 2.1 and Theorem 3.1. For the convenience of the reader we
give a complete proof.

Theorem 3.3. If A=U-V is a{T,S}-splitting of A, such that there exist
2 2 2
AT, Uty and || AZ|IV] < 1, then

ly —=ll _ Kr,5(A) (IIEII ||f||>_

< + oo
[zl = 1= Krs(AIVI/IIAI N A ol

Here x = Ag?’)sb, y= Ui(r%zgc, be A(T), ceU(T) and f =c—b.
Proof. From (2.3) we get
2 2 2 2 2
y—x=Ugs(b+ f) — ATsb = (UL) — ATb+ ULk
= ~USLVAP D+ USLf = ~USLVa + ULY

Notice that from Theorem 3.1 we easily get

2

|A%s

L= APV

2
lUS% <
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Also IIAILHxH > 1. Now we have

IN

2 2
OSSNV ]| + 1TSS £

1ASS | If]
< T (\vuuxu n ”bHIIAHHwH>
L 1A%V

I <||V|| il )
1 [|AZG V) A (1ol

Kr.s(A)||z| (HVII ||f||> O

= + =
1=K s(AIVI/IAIXIAIL ol

ly — ||

In the next statement we present a few general results for all so far known
matrix splittings.

Theorem 3.4. Let A be an arbitrary matriz and A = U — V be a matrix
splitting satisfying the following conditions

(3.2) UU = P, m, where R(AY) C L
AAY = Ppg, where N(UY) D G
x € R(AY),

where A9 (respectively UY) denotes one of the inverses A~ AP, Ag?)s or
Af (respectively U-t, UP, Ugg or UT). Then the following statements are
valid:

(a) U9 — A9 = —UIVAI = —AIVUI.

(b) A9 =(I-U9IV)"tUI=U1-VUI) L

(c) Ud=(T+A9V)"tA9 = AI(I + VA9~ L.

(d) The vector A9b is the unique solution of the system x = U9V x+UYb.

(e) The iteration x;41 = U9V x; + U9 converges to A9b for every xo €
C™ if and only if p(UIV) < 1.

| A9V |[[|-A]]
) ||UI - A9 < < K,(A
( ) H || - 1= ||A9V|| — 9( )

where Kq(A) = [|A[|[|A?]].

[ATV]]
AN = AsV|])”
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Proof. All of these results follows from Theorem 2.1 and Theorem 3.1 for
particular choices of T" and S. Historically, we mention special cases.

The case A9 = AP is presented in [13], and it is based on the application
of the index splitting.

The case A9 = AT is presented in [4], using the proper splitting. O

Remark 3.3. In a view of the results of Theorem 3.4 we state a few general
principles which can be used in the construction of future matrix splittings.
We say that the splitting A = U — V is proper for the generalized inverses
A9 if the conditions (3.2), (3.3) and (3.4) are satisfied. If these conditions
are satisfied, then statements similar to statements stated before in Theorem
3.4 are valid.

4. Conclusion

In this paper we introduce one possible matrix splitting, so called {7, S}
splitting, which can be applied to rectangular matrices. This matrix split-
ting is a generalization of the known index splitting introduced in [13] and
a proper splitting introduced in [4]. It is used in representations and char-
acterizations of generalized inverses, as well as in the construction of some
iterative methods which are applied for various solutions of singular linear
systems. Also, these applications of {7, S} matrix splitting, applications
of the index splitting from [13] and applications of the matrix splitting of
regular matrices [17], possesses a general form.

A generalization of the condition number is introduced. Some error esti-
mates are established by means of the introduced condition number and the
introduced representations of the generalized inverse Ag?’ )S

We also stated a few principles which can be used in the construction of
eventually future matrix splittings.
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