SPLITTINGS OF OPERATORS
AND GENERALIZED INVERSES

DRAGAN S. DJORDJEVIE AND PREDRAG S. STANIMIROVIC

ABSTRACT. In this paper we extend the notion of the proper splitting of
rectangular matrices introduced and investigated in ( Berman, A. and Neu-
mann, M., STAM J. Appl. Math. 31 (1976), 307-312; and Berman, A. and
Plemmons, R. J., STAM J. Numer. Anal. 11 (1974), 145-154) to g-invertible
operators on Banach spaces. Also, we extend and generalize the notion of
the index splitting of square matrices introduced and investigated in (Wei,
Y., Appl. Math. Comput., 95, (1998), 115-124) introducing the {7, S}-
splitting for arbitrary operators on Banach spaces. The index splitting is a
partial case of {7, S}-splitting. The obtained results extend and generalize
various well-known results for square and rectangular complex matrices.

1. Introduction

Several various types of matrix splittings can be found in [12] and [13].
The idea of splitting of matrices is originated in the regular splitting theory,
introduced in [9]. The concept of a regular splitting is used in characteriza-
tions of the usual inverse and in iterative methods for solving linear systems.
These results are extended to the Moore-Penrose inverse of a complex rect-
angular matrix and rectangular linear systems in [2], [3]. This extension is
based on the application of the proper splitting [3]. In [10] the index split-
ting of a singular square n X n matrix A and its relative iterations for the
minimal P-norm solution of a singular linear system Ax = b, x,b € C" are
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presented. Also a few representations of the Drazin inverse, based on the
index splitting, are introduced in [10].

In this paper we investigate a general problem of splittings for bounded
operators on Banach spaces. The concept of the proper splitting is ex-
tended to g-invertible operators on Banach spaces and the concept of the
{T, S}-splitting is introduced. The index splitting is a special cases of the
{T, S}-splitting. The introduced splittings are used in the representation of
generalized inverses as well as in the construction of iterative processes for
solving singular linear systems.

The paper is organized as follows. In Section 2 we introduce the proper
splitting for g-invertible operators on Banach spaces. In Section 3 we intro-

duce the {T', S}-splitting of bounded operators on Banach spaces.

2. Proper splitting on Banach spaces

Let X and Y denote arbitrary Banach spaces and let £(X,Y") denote the
set of all bounded linear operators from X into Y. For A € £(X,Y) we use
R(A) and N (A), respectively, to denote the range and the kernel of A. If
A e L(X), then p(A) denotes the spectral radius of A.

Recall that A € £(X,Y) is called g-invertible, if there exists an opera-
tor B € L(Y, X), satisfying ABA = A. In this case B is called an inner
generalized inverse of A, and will be denoted by A™M). It is well-known that
A € L(X,Y) is g-invertible if and only if R(A) and N (A), respectively,
are closed and complemented subspaces of Y and X (see [5] and [8]). If
A € L(X,Y) is g-invertible, then let T" be a closed subspace of X satis-
fying T & N(A) = X. Also, let S be a closed subspace of YV satisfying
R(A)@® S =Y. Then A has the following matrix form:

<[5 8 L] -[)

where 417 = A|p : T — R(A) is invertible. Now, any inner generalized
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inverse of A can be defined as

=[5 0] [P [

where M : S — N(A) is an arbitrary bounded operator. If M = 0, then
Agﬂl’)&o = A(Tl,’b%) becomes the unique reflexive generalized inverse of A (an
inner and outer generalized inverse of A) associated with the corresponding
subspaces T' and S. Notice that if we have A, then we can define T' =
R(AMA), S =R(I — AAD) and M = AD|g: S — N(A), ie.

e C AR A

Hence, the unique correspondence between A and T, S, M is established.
The existence of A(Tl)s s enables us to define the following generalization

‘;’1 ,57 VI 41 41 AlT,S,M .

The proper splitting for g-invertible operators on Banach spaces is intro-

duced by the following definition.

Definition 2.1. Let A € L(X,Y) be a g-invertible operator and let U,V €
L(X,Y). Then the splitting A = U — V is called a proper splitting of A, if
R(A) =R(U) and N(A) = N(U).

Notice that the original definition of the proper splitting leads to the
Moore-Penrose inverse of a complex matrix. Since we consider operators on
Banach spaces, the usual concepts of the scalar product, orthogonality and
the Moore-Penrose inverse are not available. Hence, we use inner inverses of

a given operator.
Theorem 2.1. Let A € L(X,Y) be g-invertible and let A =U —V be a
proper splitting of A.

(a) If A = A(Tl’)S’M s an inner generalized inverse of A for some M :

S — N(A), then any inner generalized inverse of U has the form



4 DRAGAN S. DJORDJEVIC AND PREDRAG S. STANIMIROVIC

U:(rl,gq,zv for some N : S — N(A). In particular, there exists the inner
generalized inverse U%)S,M of U.
(b) Ag“l,)S,K — U;%K = U%?SY’NVA%)S’M = A%)S’MVUQ(}’?SY’N for arbitrary
K,M,N :S8 — N(A).
1 1 _17,01 1 1 _
(c) A(T,)S,M = - Ué,)S,MV) lUé,é,M = UI(“,?S’,M(I - VUY(“B?,M) ! for
arbitrary M : S — N (A).
1 1 _1 401 1 1 _
(d) Ué“,?S,M = (I + A(T,)S,MV) 1AEF,?5‘,M = A(T,)S,M(I + VA(T,)S,M) v for
arbitrary M : S — N'(A).

e T € or some 1S = , then o = 18
If v € ROUSS ) f M:S — N(A), th AP, b
the unique solution of the equation r = Ug;MVx + Uq(}’?aMb in the
subspace R(Agﬂl)SM)

f) The iteration x;41 = 5SS Va, + Ul b converges to AL

T,8,M T,8,M T.5,M
for every xo € X and arbitrary M : S — N(A), if and only if
pUsis V) < 1.

(g) If ||A(T1)SMV|| <1 for some M : S — N(A), then
| AT 5 ar VAT 5 0|
1
L= AL sV
1A% 5.0V
A1 = 1AL s 0 V)

1 1
U 0r — Al <

< kr.sm(A)

Proof. Let us take T = R(AM A) and S = R(I—AAM). Then, with respect

to the previous consideration, we have

A0 1y _ 4 AP0
A[O 0} and A *AT,S,M* o M|

where M € L(S,N(A)) is arbitrary.
(a) Since N(U) = N(A) and R(U) = R(A), we conclude that U must

have the following form
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where U; = Ulp : T — R(A) is invertible. Hence, an arbitrary inner

generalized inverse of U has the form

v —utl =% ] ] - [l |

where N € L(S,N(A)) is arbitrary. In particular, U;l?g ) €xists.

(b) In this case V has the form V = [UlgAl 8} and hence

1 1 Ut ol [ur—-A 0][A7E 0
Uis‘,?g,NVAC(ZZ)S,M:[ 6 N:||: 10 ' O:||: (l] M:|

AP Ut 0 1 1
o T R

The second equality can be verified in the same way.
(c) Since the operator

-1
I- Ui(“l,zs,MV = {Ul A 0}

0 I

is invertible, we have

1 _1,70 ATty o] Jurt oo 1
R L | R B

The second equality can be obtained in the same manner.

d) This part follows from the part (c), since U = A — (=V) is the proper

(d) p p ; prop
splitting of U.

(e) To prove this part, it is enough to notice that R(Agrl)SM) = R(U}%M)
and use part (c).

(f) This part follows immediately from the part (e), knowing that for any
B € L(X) the following equivalence holds: B™ — 0 if and only if p(B) < 1.

(g) Since HA(TI)SMVH < 1, from part (d) we get
1 1 1 1,40 1
UY(‘,ZS‘,M - A(T,)S,M =+ A(T,)S,MV) 1A(T,)S,M - A(T,)S,M

- (Z(—n’fm%)s,w - I) A s

k=0

1
=Y (~1)FAR V)AL )
k=1
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Hence

(1) (1)
X X 1A L VIITAS s o/
USRS, v — AT ol <

1— A% V]
1A VIl
< KT,S,M(A) T,S’]\(/[l) .
1AL — |AS s 0 VD

The operator W = Uél?g vV is called the iteration operator corresponding

to a proper splitting A = U — V. Notice that V has the matrix form V =

Ui—A; 0
[ 0 0}. Hence,

1 I-U'A; 0
w=oly ="M

R(W) C T and N (W) D N(A). Also, I — W is invertible. In the next theo-
rem we show how we can reconstruct a proper splitting of a given operator,

if the iteration operator is already known.

Theorem 2.2. Let A € L(X,Y) be g-invertible, let T be a closed subspace
of X satisfying X = T ®N(A), and let W € L(X) be an operator, such that
I — W is invertible, R(W) C T and N(W) D N(A). Then there exists the
unique proper splitting A = U —V of A, such that W is the corresponding
iteration operator, i.e. W = U:(F173g7MV for any M € L(S,N(A)). Moreover,
this splitting can be reconstructed as U = A(I — W)~ and V = U — A.

Proof. From R(W) C T and N (W) D N(A) we conclude that W has the

matrix form
W= [Vgl 8] : MAJ - wm]'

Since I — W = [I *S/V ! H is invertible, we get that I — W is invertible. First

we show that the proper splitting can be reconstructed. Let us take

R L A R
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(1)
Then Uy} g 5, has the form

v = |V Vgl)Al_l y
for an arbitrary M € L(S,N(A)). Taking V = U — A we easily verify that
W = U}lzg uV is the corresponding iteration operator.
To prove the uniqueness, suppose that A = K — L is another proper
splitting of A such that W = K% \ L for any M € £(S,N'(4)). Then K

has the matrix form
K — K, 0] T . R(A)
10 0 [N(A) S ’

where K7 is invertible, and L = [KlaAl 8}, From W = K(TI,Q,ML —
Uz(ﬂl,k)g,MV we get I — K;'A; = I —U;"Ay, hence Uy = K, U = K and

V = L. Thus, the uniqueness is proved. [

If the iteration operator W is given and a proper splitting A = U —
V' is constructed such that W = U:(rl’)&MV, then A = U — V is called a
proper splitting induced by the iteration operator W. The previous result is
a generalization of the corresponding result from [11], stated for complex
matrices. This result is used in [4] for constructing iterative methods for

solving certain systems of equations.
3. {T,S}-splitting on Banach spaces

In this section we introduce the {7, S}-splitting for operators on Banach
spaces, which is induced a particular outer generalized inverse. As a special
case of the {T, S}-splitting we get the index splitting.

Basic references for the following results are [5] and [8]. If A € L(X,Y)
is a non-zero operator, then there always exists an non-zero operator B €
L(Y, X) satisfying BAB = B. This operator B is an outer generalized in-
verse of A. In this case let T = R(B) and S = N(B). Then B is denoted
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by Ag g If T and S, respectively, are given subspaces of X and Y, then
for A € L(X,Y) there exists Ag?)s € L(Y, X) if and only if the following is
satisfied: T, A(T) and S, respectively, are closed and complemented sub-
spaces of X, Y and Y, the restriction A|r : T — A(T) is invertible and
A(T)® S =Y. In this case A% )S is the unique outer generalized inverse of
A satisfying R(A) =T and N(A) = S. Also, the matrix form of A is given
by
A1 A T A(T
SRR R

Here T is an arbitrary closed subspace of X complementary to T and A; =
Alp : T — A(T) is invertible. Then Ag )S has the matrix form

O A(T T
a1 8 17)-5)
If T can be chosen such that & N (A) = X, then Agg = A%’;) is the
unique reflexive generalized inverse of A corresponding to subspaces T and
S. The applications of the generalized inverse Ag )S can be found in [1], [6],
[11].
The existence of ASA,?’ 29 enables us to define the following generalization of

the condition number:
2
rr,s(A) = [AlAT -
We associate a {7, S}-splitting to an outer generalized inverse of a given

operator.

Definition 3.1. Let A € £(X,Y) and T, S be subspaces of X and Y, such
that there exists the generalized inverse Ag )S Then A =U — V is called a
{T, S}-splitting of A if U:(p2?9 exists.

In the proof of the main result of this section, we shall use the following

well-known statement (see, for example [1, Exercise 23, p. 55]).
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Lemma 3.1. If B € L(X), L and M are closed subspaces of X such that
X =L® M and Pr \r is the projection from X onto L parallel to L, then
(a) Pr.mB = B if and only if R(B) C L;
(b) BPp p = B if and only if N(B) 2 M.

Theorem 3.1. Let A € L(X,Y) be given, and closed subspaces T and S,
respectively, such that there exists the generalized inverse Ag_,?)s IfA=U-V
is a {T, S}-splitting of A, then the following results hold:

(a) APs — Ups = Ur'sVAYs = ATSVUs.
(b) Aps = (I = UrsV) Uy = UPs(I = VU™
¢) Uk = (I + APV)TAR = AP (1 + VAZ )~
(d) If z € T, then xo = Ag)sb is the unique solution of the equation

T = ng)ng + Uggb in the subspace T.

(e) The iteration x;41 = U}Q’)SV%— + Uj(%)sb converges to Ag?’)sb for every
xo € X if and only if p(Uq(?’ng) < 1.

(f) If |[AZGV| < 1, then

(2) (2) (2)
9 2 A7 sVIIIAT Sl A7 s V]|
HUT(“,?S' - AE.F,)SH < B) < rr,s(4) ®) :
1= [[A7 SVl [A[[(1 = [[A7sVI)

Proof. (a) By Definition 3.1 the generalized inverse U’I(“Q,)S‘ exists. From the
matrix form of A (and, similarly, the matrix form of U), we can verify that
A%?gA and U}%U are projections from X onto 7', but AA(T%)S = Pa(r),s and

UU:(F% = Py(r),s- Using Lemma 3.1 we compute
(2) _ 772 (2) _ 172 (2) (2) (2) _ 4@ (2)
UrsVA= UT7S(U - A)AT,S = UT,SUAT,S —UrsAAp s =Ars —Urs.

The second equality of (a) can be proved in the same way.
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(b) From (a) we have Agg([ — VU:(pQ?g) = U:(p2g Notice that
[-VUZ, =1-UUS, + AULY.

We see that I — UUZS% is the projection from Y onto S parallel to U(T),
AUg?g is an invertible operator from U(T) to A(T) and N(AU}%) = S.
Since Y = U(T) @ S = A(T) @ S, we easily prove that I — UUL 4 + AU 4 is
invertible. Hence, it follows Ag?’ )S = Uq(?zg(l - VUI(?’)S)_I. The first equality
in (b) can be proved similarly.

(c) Since U = A— (V) is a {T, S}-splitting of U, the statement from (c)
follows from (b).

Part (d) follows from the part (b), and the part (e) follows from part (d).

Finally, the part (f) can be proved in the same way as part (g) of Theorem
2.1. O

If A=U -V isa {T,S}-splitting of A € L£(X,Y), then the operator
W = U;??SYV is called the corresponding iteration operator. This operator
obviously satisfies R(W) C T and I — W is invertible. In the next theorem
we show how to reconstruct a {7, S}-splitting if the corresponding iteration

operator is given.

Theorem 3.2. Let A € L(X,Y), T and S be given such that there exists
the generalized inverse A%)S If W e L(X) satisfies ROW) CT and I — W
is invertible, then the operators U = A(I — W)™! and V = U — A induce
a {T,S}-splitting A =U —V of A and W = ng)gV s the corresponding

iteration operator.

Proof. Taking Ty = N (Ag? )SA) we obtain A% )SA = Pr r,. Using the matrix

forms presented above we get

@ . [I A7'A,] [T o] [T T
ATvSA_[o o |~ lo ol || ||
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Hence Ay =0 and A = [’%1 123 } Since R(W) C T we conclude that W has

=[5 5] (2]

the matrix form

The operator

W= [I—Wl —W2:|

0 1

is invertible, so I — W; must be invertible,

(I-W)*t= _(I‘EVD* <I—W})‘1W2]
and
_ B i - »
U=AI-W)!= A1 OWI) A (I Zl) W2:|.

Since the restriction Ul = A(I — Wy)™! : T — U(T) = A(T) is invertible
and U(T) @ S =Y, we conclude that there exists the unique U:(p2)s inverse

given as

U2 _ |:(I_W61)A11 8} : {Ag)] - [:ﬂ

Now we take

VU A [Al((I—Wl)_l—I) Al(I—Wl)_lwg]

0 —As
and a simple matrix calculation shows that W = UggV holds. O

If the iteration operator W is given and a {7, S}-splitting A = U — V
is constructed such that W = U}Q’?gv, then A = U — V is called a {T, S}-
splitting induced by the iteration operator W.

The previous result is also a generalization of the corresponding result
from [11].
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4. Particular cases

As corollaries, many representations and properties of the well-known
generalized inverses can be obtained. In [7] the generalized Drazin inverse is
introduced in the following way. Let acc G denote the set of all accumulation
point of the set G, G C C. Let A € L(X), 0 ¢ acco(A) and P = P(A,0)
be the spectral idempotent of A corresponding to {0}. In this case X =
N(P) & R(P) and

AR R
where A; = A|y(p) : N(P) — N(P) is invertible and Ay : R(P) — R(P) is
quasinilpotent. In this case the generalized Drazin inverse of A has the form
e[ )[4 )
0 0 R(P) R(P)
Obviously the generalized Drazin inverse can be chosen as a particular outer
generalized inverse with prescribed range and kernel: A% = AJ(\Q/)( P)R(P)"

If A5 is nilpotent, i.e. there exists the least non-negative integer k such
that A% = 0, then ind(A) = k and A? reduces to the well-known Drazin
inverse of A, usually denoted by AP. If ind(A) = 0, then A is invertible
and AP = A= If ind(A4) = 1, then AP = A# is well-known as the group
inverse of A. Notice that A% is also an inner generalized inverse of A.

One special case of {T, S} splittings can be used for the representation
of the generalized Drazin inverse. The following result is a generalization
of the well-known representation for the Drazin inverse of a complex square

matrix [10].

Corollary 4.1. Let A € L(X), 0 ¢ acca(A) and P be the spectral projection
of A corresponding to {0}. IfU € L(X) satisfies R(U) = N(P) and N(U) =
R(P), then A=U =V is a {N(P),R(P)}-splitting of A and

Al = (I -U*V)"lU#*,
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Proof. From R(U) = N(P) and N(U) = R(P), we get ind(U) < 1 and
U/(\?z PYR(P) = U#. The rest of the proof follows from Theorem 3.1. O

Now, suppose that X and Y are Hilbert spaces. If A € £(X,Y) has closed
range, then A" denotes the Moore-Penrose inverse of A. The Moore-Penrose
inverse of A is the unique operator AT € L(Y,X) satisfying AATA = A,
ATAAT = AT, (AAT)* = AAT and (ATA)* = ATA. The Moore-Penrose in-
verse can also be obtained as an outer inverse with prescribed range and
kernel. Let A* denote the conjugate operator of A. If R(A) is closed, then
At = Agz AN (A% Thus the connection with Section 3 is established. No-
tice that the same result can be obtained from Section 1: AT = A%zA*),N(A*)'

As a corollary we get the following result.

Corollary 4.2. Suppose that X,Y are Hilbert spaces and A € L(X,Y") has
closed range. If A =U —V is the proper splitting of A, then

Al = (1 -UV)"UT.

Proof. Obviously, Ut exists and UT = U7(21()A*) N(A)0 = U7(22()A*) N (A" Now

the result can be deduced from Theorem 2.1 or Theorem 3.1. O
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