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Abstract
In this paper we prove the formula for the expression (A+ B)*"W in
terms of A, B, W, AW B%W  assuming some conditions for A, B and
W. Here S%W denotes the generalized W-weighted Drazin inverse of

a linear bounded operator S on a Banach space.
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1 Introduction

Let X and Y denote arbitrary Banach spaces. We use B(X,Y) to denote
the set of all linear bounded operators from X to Y. Set B(X) = B(X, X).
Let A € B(X,Y) and W € B(Y, X) be nonzero operators. If there exists
some S € B(X,Y) satisfying

(AWFLSW = (AW)F, SWAWS =S, AWS = SWA,

for some nonnegative integer k, then S is called the W-weighted Drazin
inverse of A and denoted by S = AP"W [12], [13], [15]. If there exists APV
then we say that A is W-Drazin invertible and AP*" must be unique [12].
If X=Y,AcB(X)and W = I, then S = AP, the ordinary Drazin inverse
of A. Further related results can also be found in [3, 4, 7, 11, 14, 16, 17].

Let By (X,Y) be the space B(X,Y) equipped with the multiplication
Ax B =AW B and the norm [|A|lw = ||Al|[|[W]]. Then Bw (X,Y) becomes
a Banach algebra [6]. By (X,Y') has the unit if and only if W is invertible,
in which case W' is that unit.
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Let A be a Banach algebra. Then a € A is quasipolar if and only if there
exists b € A such that

ab =ba, bab=10b, a— aba is quasinilpotent.

The element b, if exists, is unique [9] (Theorem 7.5.3), [10]. Such b is the
generalized Drazin inverse, or Koliha-Drazin inverse of a, and it is denoted
by a?.

Let W € B(Y, X) be a fixed nonzero operator. An operator A € B(X,Y')
is called Wg-Drazin invertible if A is quasipolar in the Banach algebra
Bw (X,Y). The Wg-Drazin inverse A%" of A is defined as the g-Drazin
inverse of A in the Banach algebra By (X,Y") [6].

Let us recall that if A € B(X,Y) and W € B(Y, X) then the following

conditions are equivalent [6]:
(1) A is Wg-Drazin invertible,
(2) AW is quasipolar in B(Y) with (AW)? = AW W,
(3) WA is quasipolar in B(X) with (WA)? = WALV
Then, the Wg-Drazin inverse AW of A satisfies
ABW  ((AW)D)2A = A((W A)LY.

Lemma 1.1 [6] Let A € B(X,Y) and W € B(Y,X)\{0}. Then A is Wgy-
Drazin invertible if and only if there exist topological direct sums X = X1 ®
Xo, Y =Y ®Ys such that

A=A & A, W =W @ Wa,
where A; € B(X;,Y:), Wi € B(Y;, X;), with Ay, Wi invertibe, and WyA,
and AsWy quasinilpotent in B(X2) and B(Y3), respectively. The W g-Drazin
inverse of A is given by
AW — (W) e 0
with (Wi A;W1)™! € B(X1,Y1) and 0 € B(Xo,Y3).

Recall that if AP and BP exist, it is possible that (A+B)” does not exist.
Moreover, if (A + B)P exists, then we do not always know how to calculate
(A + B)P in terms of A, B, AP, BP. In this paper we investigate some



special cases of this phenomenon. In [5] Hartwig, Wang and Wei obtained
a formula for the Drazin inverse of a sum of two matrices, when one of the
products of these matrices vanishes. Djordjevi¢é and Wei generalized their
results to bounded linear operators on Banach spaces [8]. In [1], Castro
Gonzalez extended these additive Drazin inverse results to complex matrices
using weaker conditions. Finally, Castro-Gonzalez and Koliha extended the
results for the generalized Drazin inverse of Banach algebra elements [2]. In
this paper we extend previous results to linear bounbed operators on Banach
spaces, and give a formula for computing the Wg-Drazin inverse of a sum
of two operators.

We state one lemma concerning g-Drazin inverse of a partitioned matrix
that will be needed later (see Djordjevi¢ and Wei [8]).

Lemma 1.2 If A € B(X) and B € B(Y) are g-Drazin invertible, C €
B(Y,X) and D € B(X,Y), then

A C A 0
M—[O B] and N—lD B]

are also g—Drazin invertible and

Md_[Ad 51 Nd_[Ad o]

0 B¢ R B¢
where
S = (A%)? [i(/xd)ncm] (I - BB+
+ (I —AA%Y liﬁ A”O(Bd)"] (BY)? — AlCB?
and _
R = (B [i()(Bd)"DAn] (1 aad)
+ (I - BB% li} B”D(Ad)"] (AH?% — B1D A%

We also need the following important results from [8].



Lemma 1.3 If P,Q € B(X) are quasinilpotent and PQ =0 or PQ = QP,
then P + Q is also quasinilpotent. Hence, (P + Q)% = 0.

Lemma 1.4 If P € B(X) is g—Drazin invertible, Q € B(X) is quasinilpo-
tent and PQ = 0, then P + Q is g—Drazin invertible and

(P+Q) = Y QP
=0

We also state the following useful result.

Lemma 1.5 Let A be a complex Banach algebra with the unit 1, and let p
be an idempotent of A. If v € pAp, then opap(x) = oa(x), where oa(x)
denotes the spectrum of x in the algebra A, and opap(x) denotes the spectrum
of x in the algebra pAp.

2 Wg—Drazin inverse of a sum of two operators

First we state one particular case of our main result.

Theorem 2.1 Let W € B(Y, X), and let B € B(X,Y) be Wg—Drazin in-
vertible and N € B(X,Y) such that WN € B(X) is quasinilpotent. If
NWB*W =0 and (I - WBWB*W)YWNWB =0, then

(1) (WN+WB)*= (WB)+ (WB)%)? (i((WB)d)iWNS(z‘)> ,
=0

where
(2) S(i) = (I—WBWBW)WN + WB)!
= (I -WBWBW) (i(WB)i‘j(WN)j) .
§=0

Moreover, for all i > 1> 1, we have
SGE) = (WB)"H1s(1—1) = S — 1)(WN) 1,

Proof. Since B is W ¢g-Drazin invertible, by Lemma 1.1, we conclude that
B and W have the matrix forms

[ B0 w0
s=[ 0 a ) w= N w
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where By, W are invertible, and W5 Bs is quasinilpotent. From N W B&W —
0 it follows that N has the matrix form

o~
v %]

0 WiN;
0 WaNy

that Wa N, is quasinilpotent. From (I — WBWBd’W)WN W B = 0 it follows
that WoNoWs5Bs = 0. Thus, for any ¢ > 0,

Since WN = [ ] is quasinilpotent, from Lemma 1.5 we conclude

(WaNz + WaBy)' = - (WaBa) ™ (WaN2)! = 3~ (WaBa)' (WaN2)'™,
j=0 j=0

From Lemma 1.4, we see that Wo Ny + W5 By is quasinilpotent. Now, from

Lemma 1.2, we get
d
Wy 0 By O
0 Wy 0 By
[ (

(WN +WB)¢ = Q”él V[0/2 1 [8 %;1+[
WlBl)_l X
0 0

d
WiB, Wi, B
0 WoNy +WoBy |

where

X = (WiBy)? [Z(WlBl)iW1N1(W2N2+Wng)i]
=0

= (W1B;)?
i=0 =0

i(W1Bl)_iW1N1 (i(Wsz)i_j(W2N2)j)] -

Write S(i) = (I — WBW BW) (z (WB)=i (WN)J‘), for all i > 0. Now,
7=0

for all 7 > 1, we have

S [0 0 ‘. [o 0 0 WiN; (WaN,)i—!
(z) o I 0 (Wng)i +j:1 0 (WQBQ)i_j 0 (WQNQ)j
[0 0
o ZZDO(Wsz)i I (WaN2)!
L =




Hence,

(WB)¢ + (i W NS(i )) =

=0

[ mB)T S BN, (iO(WQBg> (W2N2>J‘>
= j=

0 0

_ (ngl)l )0( 1 — (WN +WB)".

The second statement of the theorem are easily verified. O
As corollaries we obtain the following results.

Corollary 2.1 Let B, N € B(X,Y) satisfy conditions of Theorem 2.1. Then
we have

(WN +WB)YWN +WB) = (WB)WB + <i((WB)d)i+1WNS(z’)> ,
=0

where S(i) is defined in (2).
Corollary 2.2 Let B,N € B(X,Y) satisfy conditions of Theorem 2.1.
(i) If (WN)%? =0, then
(WN+WB) = (WB)+ (WB)%)? (i((WB)d)iWN(WB)i>
=0
+ (WB)%)3 (i((WB)d)iWN(WB)i> WN.
i=1
(ii) fWNWR =0, for all R € B(X,Y), then
(WN + WB)WR
= (WB)WR+ (WB)%)? (i((WB)d)iWN(WB)Z) WR.
i=1
(iii) If (WB)? = WB, then
(WN +WB)! = (I - WN) 'WB.



Proof. Each of these cases follows directly from Theorem 2.1 and the
following simplification.

Write S(i) = (I — WBW B4W) (z (WB)Z’J’(WN)J‘), for all 7 > 0.
j=0

(i) Since (WN)?2 =0, WNS(i) = WN(WB)! + WN(WB)"“'WN for all
i>1.

(i) Since WNWR =0, WNS(i)WR = WN(WB)!WR.

(iii) Since (WB)? = W B, (W B)? = W B and then the hypothesis NW B4W =
0 implies NW B = N(WB)¢ = NWB%W = (. Then from Lemma 1.4
it follows

WNWBY = SN (B
=0
1=0
= (i(WN)i> WB
=0
= (I-WN)'WB.

|

Now, we state and prove the main result.

Theorem 2.2 Let W € B(Y, X), and let A, B € B(X,Y) be Wg—Drazin in-
vertible. If AYWW B =0, AWB®W =0 and (I - WBW B*WYW AW B(I —
WAW AYW) =0, then A+ B is W g-Drazin invertible and

(A+ B)*W =

00 . 2
= (A+B) l(WB)d (1 +3 ((WB)d)’+1 WAZ(i)> = WAWAd’W)]
1=0

+ (A + B)(I — WBWB*W) (I + i Z(i))W B ((WA)d>i+1> ((WA)d)2

1=0
_(A+B) ((WB)d)2 (i (wB)') WAZ(i)WB) ((WA)d)2
=0



(A + B)(WB)! (i W AZ(i)W B ((WA)d)Z) (way!)”
—(A+B) ( d)2 X

(ZZ(WBd)

(2

WAZ(i+k+1)WB ((WA)d)k) ((WA)d)3

1=0 k=0
—(A+ B) x
) . 2
[ B)¢ (1 + (wB)!) o WAZ(i)> (I - WAWAd’W)l x
=0
x WB(WA)?,

3)

where

(4) Z(i) = (I - WBWB4W) (Zi:(WB)ij(WA)j) (I — WAW ASW),
j=0

Moreover, for all i > 1> 1, we have
Z(i)=(WB) ™M z1-1)=21-1)(WA)~

Proof. Since A is Wg-Drazin invertible, by Lemma 1.1, we conclude that
A and W have the matrix forms

(4 o0 (w0
a= L=

where A, W) are invertible and W5 A, is quasinilpotent. From A" W B = 0
it follows that B can be written as

0 0
B- [ Ly ]
We use Lemma 1.2 to compute (W B)? which in turn equals WB%W. From
the assumptions AWBW = 0 and (I — WBWBWYWAWB(I —
WAW ALWY) = 0, we get that AsWoBS"? = 0 and (I — WyByWoBS"?)

WoAsWoBy = 0. We see that the conditions of Theorem 2.1 are satisfied
with: Ba, W, Ao, respectively, instead of B, W, N.



From Lemma 1.2 we have that

(A+B)*W = (A4 B)(W(A+ B))%? = (A+ B)(WA+ WB)%)?

d 2
Wi1A, 0
WoBy WaAs 4+ WoBs

(WlAl)_l 0 ‘|2
)d

=(A+ B)

-~ ~

X (W2A2 + W5 Bs

(WlAl)_Q 0
| XA+ (Wads + WiBo)iX  (WaAg + WaBy)d)?
[A

1(W1Ap)~2 0
X/ (A + By)(Wadg + WoBy)h)2 |7

where
X = (I - (WQAQ + WQBQ)(WQAQ + Wng)d) X

X (Z(WQAQ + WQBQ)iWQBl(WlAl)_i> (WlAl)_Q
=0
—  (WaAs + WaBo) WoBy (W1 Ay) ™
and
X' = Bl(W1A1)72 + (A2 + BQ)[X(WlAl)fl + (W2A2 + Wsz)dX].
Using Theorem 2.1 we get
(WaAy 4+ WyBy)? = (WyBa)® + ((WaBy)%)? (Z((WQ&)d)iWQAQS(i)) :
i=0
where S(Z) = (I — WQBQWQBS’WZ) (zz: (Wng)j(WgAg)i_j> for all ¢+ > 0.
=0
Now, we have

I — (W2A2 + WQBQ)(WQAQ + WQBQ)d

= I — WyBo(WoBy)? — (WyBy)? (i((W2B2)d)iW2AQS(i)) .
=0
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Since

2
(Wady + WaBo)'X = = ((Wads + WaBa)")” Wy By (Wi A1),

we get

X/

= Bi(W1A) 2+ (Ay + By)

(I——M@Zﬁ(ﬂ@lﬁ)d
— (WyBsy dz WQBQ WgAQS(i)) X
=0

X <Z(W2A2 + WQBQ)iWQBl(WlAl)_(i+3)>
=0
—  (Wody + WaBy) WoB; (W A;y) 2

2
— ((W2A2 + Wng)d) Ws B4 (W1A1)1‘|

2
= B ((WIAI)_1> + X5+ Xo+ X35+ Xy,

where X1, Xo, X3 and X, are the following terms:

X1

= (Ag + By)(I — WaBy(WBs)?) x

X (i(Wﬂlz + W2B2)iW231(W1A1)_i) (W1 4;)~?
i=0
= (A2 + By)(I — WyBy(W2B2)?) x

<§: S(i)WzBl(WlAl)_i> (WlAl)_3

=0

and the last equality follows by using (2) in Theorem 2.1. Moreover,

X, =

—(As + By)(WaBs)? (f: ((WQBg)d)i W2A2S(z')> x

o

—(Az + Bs)(W2By)? (Z WzAzS(k)W231(WlAl)—(k+3)>

i=0
> (Wads + W2Bz)iW231(W1A1)_i> (W14y)~°
=0

k=0

10



— (A2 + BQ)(WQBQ)d X

S i+
" (Z 2 ((WQBQ)d> ' WaApS(i+k + 1)W231(W1A1)_(k+3)>
1=0 k=0

and the last equality follows by using (2) to obtain that S(i)(WaAs +
WaBy)* = (I — WaByWoBYW ) (WaAy + WaBs)t* = S(i + k) and after
we change ¢ by ¢ — 1 in the last sum. Also

X3 = —(A2 =+ BQ)(WQAQ + WQBQ)dWQBl(WlAl)_2

= —(Az+ By) (W2 By) Wa By (W1 Ay) 2
— (A2 + By) ((Wsz)d)2 X

x (i ((WQBg)d)i W2A25(¢>W231> (W1 Ay) 2.
=0

Finally,

2
X4 = —(AQ + Bg) ((W2A2 + WQBQ)d) WgBl(WlAl)_l.

Write Z (i) = (I — W BW B4W) z (WB)—J (WA)j> (I —W AW ALW),

7=0
By direct computations, for all ¢ > 1 we have,

S I 0
@) = —(WaB2)*WaBy I~ WaBy(WaBa)* | ™
y i 0 o Jfo o
j=0 (WaBg) 1= 1WyBy  (WaBy)'™ 0 (W2Az)
[0 0
T ol0 (M)
[0 0
B 0 (I —WaBy(WaBs)9) A:O(W2B2)i7j(W2A2)j
o o
= o sG) |
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and

WAZ(i)W B ((WA)d) l

0 0

>

Now, we compute the terms of the expressions (3) for (4 4+ B)®"W using

the block decomposition:

21

Yo

(A+ B) |(

0
(A+B){l0 W232 ]
2
=0
(A+ B)
[ 4 0
| Bi Ay + B

[0 0
0\2
0 (A2+ By) ((W2A2 + W) Bs) )

[ A, 0
| Bi A+ Bs

00 ; 2
By ( £ ()™ WAZ(z')) (- WAWA‘LW)]

1=

2
, U 0 0
((Wsz)d)Z WaB, ((Wng)d)HZ ] [0 WoA2S5(i) ]}
2

0 0

0 (WaBy)d+ i_o;o ((W2B2)?)" Wa4s5(3)

0 0
0 ((W2A2 + Wsz)d)2 ]

(A+ B)(I — WBWBW) (I + Z Z(k)WB (W A)) “) (way!)”

I 0
l —(WaBo)iWsBy I — WaBa(WaBs)? ] X
(W1A1)72 0
Z S(k)W2B1<W1A1)7(k+3) 0
k=0

X" 0

[ Al(WlAl)_2 0 ]
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where

Y4

Y5

X" = Bi(Wi4;)?
— (A2 + Bs) [(WQBQ)dWQBl(W1A1)72

+ (I W2B2 W2B2 <ZS WQBl WlAl) (k+3)>] ,

[e.9]

= —(a+B)(WB)Y) (Z (wB)") waz( )WB) (way!)”

1=0

0 0
= —(A+DB) i((WQBQ) ) WaAgS(i)WaBy (W1 Ap)~2 0]

0 0
(A2 + Bg) iz.éo ((WQBQ) )l WQAQS( )WQBl(W1A1) 0 ] ’

= —(A+B)(WB)" (i WAZ(i)WB ((WA)d)l) <(WA)d)3

=0

0 0
= ~(A+B) 1 (1, B,) ZWQAZS( YWaB1 (Wi Ay)~(+3) o}

0 0
(Ag + By)(WaBy)? 2W2A25( YWoB (W1 A;)~0+3) 0 ]

— —(A+B) ((WB)d)2 x

(i 5 (W)Y WAz +k+ )WB ((WA)d)k> (way!)”

=0 k=0
0 0
Xl/l 0

B _[Al 0
o 0 0
- (A2 + BQ)X”/ 0 )

B1 As+ Bs

13



where

X" = i i ((Wng)d)iH WaAsS(i + k + 1)WaBy (W Ap)~*+3),
=0 k=0
Y6 = —(A+B)x
(o) . 2
x [(WB)d (I +3 ((WB)d)”1 WAZ(z‘)) (I- WAWAdvW)] x
=0

x WB(WA)}¢

= —(A+B)

0 0 0 0
0 ((W2A2 + WQBQ)d)2 [ WQBl(WlAl)_l 0 ]

0 0
2 .
(As + Bs) ((W2A2 + W2B2)d> WaB1(W1A1)™t 0 ]

Thus,
Y1+Y+3¥3+3E1+3E54+ %6

| A (WA 0
B X' (Ag + Ba)(WaAs + WoBs)9)?

completing the proof of (3). The second statement of the theorem can easily
be verified. O
We obtain some corollaries as follows.

Corollary 2.3 Let W € B(Y,X), and let A,B € B(X,Y) be Wg-Drazin
invertible. If AYWWB =0 and AWB(I — WAW A4W) =0, then

(A—i—B)d’W

[e%s) . 2
= (A+ B) KZ ((WB)d)Z+1 (WA)i> (I- WAWAd’W)]
i=0
+ (A+ B)(I — WBWBW) (i(WB)Z’ ((WA)d)
1=0

i+2

+ fj Zij(WB)H (WAYW B ((WA)d)”?’)

i=1j=1

14



e m (way) (X (wey) wartws) (war)

=0
— (A+ B)(WB)! (i W AW B ((WA)d)Z) (way!)”
—(A+B) ( d)2 X
(Z 3 ( (WB d)’ WA)HR2 B ((WA)d)k> ((WA)d)3
1=0 k=0

o) . 2
_(A+B) (Z (wB)y)™ (WA)%’)) (- WAWAd’W)l WB(W A).

1=0

Proof. From A*WWB = 0 and AWB(I — WAW A4W) = 0 it follows
that

AWB)? = AWB(I — WAW AW YW B + AW BW AW AW W B
AW BW AW A*WW B
=0

and thus
4 W d d\? 2 d\3
AWB™W = AWB)! = AWB (WB)!)” = AW B)* (WB)*)" = 0.
Then we apply Theorem 2.2, together with the simplification WAZ(i) =

(WAYH(T—W AW A%W) for all i > 0, to get the statement of this corollary.
|

Corollary 2.4 Let W € B(Y,X), and let A,B € B(X,Y) be Wg-Drazin
invertible. Suppose that AYWW B =0 and AW B(I — WAW A%W) = 0.

(i) If (WB)? = WB, then
(A—|— B)d,W

o) 2
=(A+B) KWB Z(WAy') (I — WAWAd’W)]
=0

+(A+B)(I—WB)<<(WA ol S (WAYWB (wayd)’ 3)

=1
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8

2
—(A+BWB (Y (WA4) ’+1WB> ((way!)
0

%

8

0

)

(o ele o}

_(A+B)WB (Z (WA W B(((WA)) ) (way!)”
—(A+B)WB (Z S (W4 HH?WB(((WA)CI)’“) (wayt)’

=0 k=0

0o 2
—(A+ B) KWB Z(WA)Z) (I — WAWA‘LW)] WB(W A

i=0
(ii) If W B is quasinilpotent, then

(A+B)Y"W = (4+ B) [((WA)d)2

R

P o
(iii) If (WB)? =0, then

(A+B)*Y — (A4 B) [((WA)d)2

+ WB (f;)(WA)iWB ((WA)dy) (way?))’

+ (i(WA)Z’WB ((WA)d)Z) ((WA)d)gl .

=0

Proof. Each of these cases follows directly from Corollary 2.3 and the
following simplifications:

(i) Since (WB)? = WB, we have WB*W = (WB)Y = WB and (I —
WBW B YW B = 0.

(ii) Since W B is quasinilpotent, we get (W B)? = 0.

(iii) Since (WB)? = 0, it follows that

(WB)4 =WB ((WB)d)2 = (WB)? ((WB)d)3 —0. O
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Corollary 2.5 Let W € B(Y,X), and let A,B € B(X,Y) be Wg-Drazin
invertible. If AWB4WY =0 and (I — WBWBW)YWAW B = 0, then

(A+ B)EW

— (A+B)

(f: (wB)?)™" (way
=0
2

+ ii ((WB)d)i+2 WA(WB)j(WA)i—j) (I - WAWAdW)

+ (A4 B)(I - WBWB*W) (iWBV (<WA)d)i+2>
=0

—(a+B) (wB)) (Z (wB)y!)' WA(WB)Z‘H) (way)’
=0

— (A+ B)(WB)? (Z W AW B)i+! ((WA)d)’) ((WA)d)3
=0

~(4+B) (WB)') (i > ((WB)Y) waw By 2 ((WA)d)’“”’)

1=0 k=0

—(A+B)

(i (wB)?)™ (way
=0
2

Y Z (wa)y)™ WA(WB)J’(WA)i—J') (I — WAW ALY
i=1j=1

x WB(W A4
Proof. From AW B%*W =0 and (I — WBW B*W)W AW B = 0 it follows
that
(AW)2B = A(I - WBWB*WYWAW B + AW BW B*WW AW B
= AWBWWBWAWB
=0
and thus
AYWWB = (AW)?B = ((AW)d)2 AWB = ((AW)d)3 (AW)2B = 0.
Then we apply Theorem 2.2, together with the simplification Z(i)WB =

(I — WBWB4W)(W B)i*! for all i > 0, to get the result of this corollary.
a
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Corollary 2.6 Let W € B(Y,X), and let A,B € B(X,Y) be Wg-Drazin
invertible. Suppose that AW B*W =0 and (I — WBW B*W)YW AW B = 0.

(i) If (WA)2 =WA, then
(A+ B)™W

= (A+ B) ((WB)d + i ((WB)d)M WA(WB)’) (I- WA)]

=1

+ (A + B)(I - WBWB4W) <i(WB)i> WA
1=0

~ 4+ B (wny) (f: (wB)!)' WA(WB)”l) WA
1=0

— (A4 B)(WB)“ (i WA(WB)iH) WA
=0

—(A+B) ((WB)d>2 (i i ((WB)d)i WA(WB)”’““) WA
=0 k=0
[ee) . 2

—(A+B) <(WB)d +3 ((WB)d)Hz WA(WB)’> (I - WA)]
=1

x WB(W A)?.

(ii) If WA is quasinilpotent, then

(A+B)*"

. 2

— A+ B) |[WBI £ Y ((WB)d)iH W AW BY (W A)i~
i=0 j=0

Proof. We apply Corollary 2.5 and the following simplifications:

(i) Since (WA)%2 = WA, we have WALW = (WA)Y = WAand (WA)I(I—
WAW ASW) = 0 for all j > 1.

(ii) Since WA is quasinilpotent, we get (WA)Y =0. O

Corollary 2.7 Let A,B € B(X,Y) be Wg—Drazin invertible. If AW B = 0,
then

(A+ B)*W

18



o] . 2
= (A+B) |(WB)? (Z ((WB)d)Z (WAY) (I- WAWA””W)]
=0
+ (A+ B)(I - WBWB*") (i(WB)i ((WA)d)Z) ((WA)d)2
=0
00 . 2
—(A+B) [(WB)* <Z ((WB)d)Z (WA)i) (I-— WAWAd’W)]
1=0
x WB(W A4

Proof. Since AW B = 0, then it follows that
AW B = AAWWAWAYYWW B = (AW W)2AWB = 0,

(I — WBWBIWYWAWB = 0, AWB(I — WAWA%W) = 0 and then
AWV B = 0. Thus, we apply Corollary 2.3, or Corollary 2.5, to get the
above result. O
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