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Abstract

In this paper we obtain the formula for computing the condition
number of a complex matrix, which is related to the outer generalized
inverse of a given matrix. We use the Schur decomposition of a ma-
trix. We characterize the spectral norm and the Frobenius norm of the
relative condition number of the generalized inverse, and the level-2
condition number of the generalized inverse. The sensitivity for the
generalized Drazin inverse solution of linear systems is presented. We
also present the structured perturbation of the generalized inverse.
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1 Introduction

In this paper we prove the formula for computing the condition number of
a given complex matrix, which is related to the outer generalized inverse of
a given matrix.

First, we present some introductional material. If A is a complex ma-
trix, then the smallest non-negative integer k, which satisfies rank (A1) =
rank(A*), is called the index of A, denoted by ind(A). Ifind(A) = k, then we
know that there exists the unique matrix AP which satisfies the equations:

AFAP A = AF, AP AAP = AP AAP = AP A.

The matrix A is the Drazin inverse of A. In the case ind(A) = 1, then A"
is the group inverse of A, which is denoted by A9. Moreover, ind(A) = 0 if
and only if A is invertible, and ind this case A=' = AP,
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More general situation appears if we assume that A is rectangular. For
this purpose, Let C"™*™ be the set of m x n complex matrices. By rank(A),
AT, A* R(A) and N(A) we denote the rank, transpose, conjugate trans-
pose, range (column space) and null space, respectively, of A € C"*". Let
W e C"™. Then AW € C"™*™ and there exists the Drazin inverse of
AW, naturally denoted by (AW)P. Now, the weighted W-Drazin inverse
of A is defined as APW = ((AW)P)2A. For the properties of the weighted
W-Drazin inverse see [16].

Among other very nice properties, the Drazin inverse of a matrix is also
its outer inverse. The notion of outer generalized inverses is available for
rectangular matrices. If A € C™*", then B € C™*"™ is an outer generalized
inverse of A, if BAB = B holds. The interesting case is B # 0. In this
paper we are focused to those outer generalized inverses of A that have
fixed null-space and range. From the well-known rank properties, it follows
that rank(B) < rank(A). Outer generalized inverses have applications it
solving singular linear systems [1]. We formalize previous consideration in
the following definition.

Definition 1.1. Let A € C™*™ be of rank r, let T be a subspace of C" of
dimension s < r, and let S be a subspace of C™ of dimension m — s. If a
matrix X € C"™ satisfies

XAX =X, R(X)=T, N(X)=S5,

then X is called the outer inverse or gemeralized inverse of A, and the no-
tation X = Agg s common.

(2)

The main characterization of A} s-generalized inverse is given as follows.

Lemma 1.1. [1] Let A € C™*" be of rank r, let T be a subspace of C" of
dimension s < r, and let S be a subspace of C™ of dimension m — s. Then
A has an outer inverse X such that R(X) =T and N(X) =S if and only

if AT S =C™, and in this case X = Agg is unique.
We also need the following results.

Lemma 1.2. [18] Let A € C™*™ be of rank r, let T be a subspace of C"
of dimension s < r, and let S be a subspace of C™ of dimension m — s. In
addition, suppose G € C™*™ such that R(G) =T and N(G) = S. If A has

an outer inverse Ag)s, then ind(AG) = ind(GA) = 1. Further, we have

(1) AP = (GAYIG = G(AG).



Lemma 1.3. [13] If A satisfies the conditions of Lemma 1.2, then
rank(AG) = rank(GA) = rank(G).

If A is square and invertible, then the condition number of A is defined
as k(A) = ||A] - [|[A7Y||, where || - | is some matrix norm. The study of
condition numbers is important in the theory of stability of linear systems.
If A is rectangular (or even square and singular), then we do not have
the condition number of A in the previous sense. But still, we have some
generalized inverse of A, say A~. Now, the ”generalized“ condition number
of A related to A~ is defined as ||A| - ||A7||. Generalized condition numbers
have applications in studying singular linear systems.

Higham [12] discussed different condition numbers of regular inverses
and nonsingular linear systems. Concerning generalized inverses and singu-
lar linear systems there are similar results on these problems. Gratton in
[11] investigated an m x n full rank real matrix A and obtained its condi-
tion number for the linear least squares problem. The authors studied the
(weighted) least squares solution in [5, 6, 9, 20, 21] and the (W-weighted)
Drazin-inverse solution in [4, 8, 19, 21, 22, 25, 26].

The following result is known as the Schur decomposition theorem.

Lemma 1.4. (Schur decomposition)[10] If A € C"*", then there exists an
unitary U € C™™ such that

U'AU=T=D+N

where D = diag(A1, ..., A\n) and N € C™*™ is strictly upper triangular.
Furthermore, U can be chosen so that the eigenvalues \; appear in any
order along the diagonal.

In [15] we characterized the condition number related to the W-Drazin
inverse and singular linear systems for restrained matrices, using the Schur
decomposition and the spectral norm. These results generalize some early
work including [2, 3], because of the well-posed properties of the Schur de-
composition. In [7, 24] some results are established for the condition number
of the generalized inverse and the generalized inverse solution of a linear sys-
tem, using a special norm called PQ-norm. We mention that the PQ-norm
depends on the Jordan canonical form of A. Note that, in general, the com-
putation of the Jordan canonical form is an ill-posed problem. The results
obtained in [7] are extended to linear bounded operators between Hilbert
spaces in [14]. In this paper we establish the condition number of the gen-
eralized inverse of a rectangular matrix by the Schur decomposition and the
familiar 2-norm instead of the PQ-norm in [7].



2 Representation of the outer inverse
Let A € C™*™ satisfies the following condition:
(2) rank(A*) =r, ind(4) =k, R(A*) =RA4").

In general, the Schur decomposition of A can be written as follows

(3) A:U[lg g]U*

where U is unitary, B is r X r upper triangular and nonsingular matrix, and
C = [¢; ;] is strictly upper triangular, i.e. ¢; j; = 0 whenever 1 < j <i < n—r.

In [3] J. Chen and Z. Xu used the Schur decomposition of a restrained
matrix A to get its expression of Drazin inverse. Precisely, they proved the
following theorem.

Theorem 2.1. [3] Let A € C™*™. If A fulfills the condition (2), then the

Schur decomposition of A has the form as follows

(4) A:U[g g]U

where U is unitary, B is an r X r upper triangular and nonsingular matriz,
C is strictly upper triangular. Then

(5) AD:U[BO_1 B]U

We prove the following result.

Theorem 2.2. Let A, G, T and S be the same as in Lemma 1.2, p =
rank(AG), R(AG) = R((AG)*) and R(GA) = R((GA)*). Then we have

A:V[Al O]U*, G:U[Gl O]V*

0 A, 0 O
2 A7 0 N
©) A2=v| 5 o

where U and V' are unitary matrices, A1 and G1 are nonsingular matrices.



Proof. From Lemma 1.2 and Lemma 1.3, we have ind(AG) = ind(GA) =
1 and rank(GA) = rank(AG) = p. By Theorem 2.1, there is a Schur
decomposition of AG and GA as follows:

D 0
0 0

I aa-o[€ 0o

(7) AG =V [
where V € C™*™ and U € C™*" are unitary matrices, C and D are p X p
upper triangular and nonsingular matrices.

We can represent A and W as

A1 A12 Gl G12
A=V Ut,  G=U V.
[ Ay A } [ Ga1 Go ]
Then, we get
c1 o Gi1 Gia CilGl CilGlg
g —_ * * *
(@@G_U{O O]UU[GzlG2 vi=u| ", v
and
G1 Gig D™t 0 GlDfl 0
g __ * * *
Gmm.JﬂGm(%}vv[o O}V—U[%QA()V.

Using the equation A(Tz)s = (GA)IG = G(AG)Y, we deduce C~1G13 = 0 and
Go1 D! = 0. We know that C and D are nonsingular, thus Gia = Ga; = 0,

i.e.
TG 0.
T
From
A App X Gi 0 % A1G1 AGy «
AG =V UrU VE—V v,
|:A21 Az ] [ 0 Gy ] |:A21G1 AsGo }
Gi 0 « Ar Apg X Gi1A1  GiAp ¥
GA=U Vv U*=U U
[ 0 Gs } [Am A } [ G2Az1  GaAs }

and (7), we obtain A1G1 = D, G141 = C, G1A12 = 0 and A G = 0.
Hence, A1 and (G; are invertible, A1o = 0 and A9; = 0. So

T4 0],
A_V[O @]U.



Since G = GAA%?,)S = Ag)SAG and AA;%)S = AG(AG)?, with A%)SA =
(GA)YIGA, we have

G = U[Gl 0 }V*:U[Gl 0 }V*V[I O]V*

0 Gy 0 Gy 00
B Gy 07, .
U[O O}V,

i.e. G2 = 0.
Finally, we get

1
AP = (GAYG =T [ Aé 8 } v,

This completes the proof. O

3 Condition number related to the generalized in-
verse

In this section we consider the following linear system
Ar=b, z€T,

where A € C™*" b € C™. The generalized Ag? )S—inverse solution z has the
form

T = Ag)sb.

The definition of the absolute condition number was introduced by Rice
in [17]. If F is a continuously differentiable function

F:C"xC"™ — C"
(A,z) — F(A, ),

then the absolute condition number of F at x is the scalar ||F'(x)||. The
relative condition of F' at x is
[ () |||

[yl

Consider the following operator:

F:C™m"xC"—C"



(A,0) — F(A,b) = ATb = x.

We know that the operator F' is differentiable function, if the perturbation
E in A fulfils the following condition:

(8) R(E) C AT, R(E*)C A*S'.

It is easy to verify that (8) is equivalent to

9) AAPKE =B, EAJGA=E.
We need the following result.

Lemma 3.1. [23] Let A, E € C™*" and let T, S be subspace of C" and
C™, respectively, such that AT & S = C™. If E satisfies the condition (8)

and HEA&??SHQ < 1, then

2

(A+ B)s = (I + APKE) AR, = ARL (1 + EARY) ™.

) )

We choose the parameterized weighted Frobenius norm ||[cA, ,Bb]Hg]Fq)?,
where U is defined as in (6) and Q = diag(U, 1), because we can take
different parameters «, 8 for different perturbations.

We get the explicit formula for the condition number of the generalized
Ag )S—inverse solution by means of the 2-norm and Frobenius norm.

Theorem 3.1. Let A, G, T and S be the same as in Lemma 1.2, p =
rank(AG), R(AG) = R((AG)*) and R(GA) = R((GA)*). If the perturba-
tion E in A fulfills the condition (8), then the absolute condition number of

the generalized Ag)s—inverse solution of a linear system, with the norm

F
llad, B = /a2l Al + B2I3

on the data (A,b), and the norm ||x||2 on the solution, is given by

Y ERNETE
C = ATl 55 + 7 2%

where QQ = [ g (1] } and U is the same matriz as in (6).



Proof. We know that F(A,b) = Ag?’)sb. Under the condition (8), F' is a
differentiable function and F” is defined as follows

(A+eB)2L(b+ef) — AP
/ . 3 )
F'(AD)|(g,p) = lim - :

where E is the perturbation of A and f is the perturbation of b.
Since E satisfies the condition (8), we have

(A+eB)Ps = ATy — eATEAY) + O(é2),

) )

and then we can easily get that
2 2
F'(Ab)|(g.) = AT s Bz + AT f.
Then

| F'(A,0)| (5,5 ll2

| F"(A,0)| (g, F
2
= AT (Bz — f)lF
IAZ N2 (1Bl Fllzlz + [1£112)-

IN

The norm of a linear map F”'(A,b) is the supermum of ||[F'(A,b)| g, 5)llF on
the unit ball of C™*™ x C". Since

(B, Bl o)? = 2| ElI% + 5| 113

)

we get
IF'(A,b)|| =
2
= sup IASS(Ex — f)llr
o?||E||1%+82]| fl|2=1
2
< sup 1A%l (| Ellellzll2 + 11£112)
2| E||Z+82] fl13=1
2 |z ||2 1
— aw HA(T,)SH2<aHEHF+ﬂ!f\25
a2||E||2482| f|3=1 @
2 lzfl2 1
= [|AZK ]2 sup  (al|E|r, Bl f]2) - (,ﬁ
o2 || E|2+82| fII3=1 a

where (|| E||r, B f|l2) and (”ﬂh, %) can be consider as vectors in R?.



Therefore, from the Cauchy—Schwarz inequality, we get:

ET
a2 ﬂQ'

2
IF'(A,B)] < | Asll2

Now we show that this upper bound is reachable. There are vectors u i v
such that o
-1 -1
A u = ||A; 2o = HAT,SHQva

where ||ullz = ||v]2 = 1.

Let
o U . v
u—V[O}, U—U[O].

It is easy to check that
[afl2 = [|o]]2 = 1.

Then
-1 -1
P D O T Iy I b
R E e P
ATY|9v _ v
=M ] [ 2]
2 .
= AP0,
Now we take
J=]3 1 1, 1
n= 2 +@a E:—%UQM f:@U
So we have
@) - 1[I ‘-
1 [T 0 * U "
=¥l vvln e
1 [ w N
_aTnV o}x
_ L
= aznux
= F



and

= b

Hence, E fulfills the condition (8). Now we want to verify the perturba-
tion (E, f) is feasible, that is, o||E||% + 82||f||3 = 1. Notice that

1
(2) A 0 X
ac—ATﬁb—U[é O]Vb,
and then
o?||E|E + 82| f1I5
| 1 .
= Wlluw H%—I—Wnung
1 1

= W\WH%W*H% + 2

_ 1(lel3, 1
772 a2 ﬁQ

= 1
Then we have
F'(Ab)my = —APsBz+AZLf
— Q%Ag?gam*x + ﬁinAg?ga

1 2 ~ 1 2 ~
= o IATs lolleld + o A7 20

2 N
= || AT sll2no.

10



Then

o o Jllall3 1
IF(A Dl ll2 = 1455l [~ 5% + 55
with a2 || B[} + 2] £]3 = 1, implies
2 o Jllall3 1
IF(A D)1 2 1475l |7 5% + 55
and we complete the proof. ]

If E satisfies the condition (8), then the 2-norm relative condition number
of the generalized inverse Ag,? 2.; is defined as

1A+ E)Zs — AR

Cond(A) = lim sup
=01 | Blla<e||All2 6”!“’%}5”2

and the corresponding condition number for the linear systems Az = b is
defined as
A+ B2 b+ ) — A%
C(OTl,d(147 b) = lim sup ”( >T’S( f) T,S H2

e—0F |B|y<clAlly ellA@ p
I£ll2<ellbll I T, I2

The level-2 condition number of the generalized Ag? )S—inverse is defined
as

i Cond(A + E) — Cond(A)|
Cond[Q](A) — hm sup |
=0 B|]3<e]| A2 eCond(A)

and the level-2 corresponding condition number is defined as

: Cond(A+ E,b+ f) — Cond(A,b)|
Cond? A,b) =lim sup | ’ Aol
(4.6) =0 | B|y<e|Ally eCond(A,b)

Ifll2<ellbll2

In [27], Zhang and Wei found the expressions for 2-norm condition num-

(2)

ber for Ag? )S and the generalized inverse A; g solution, respectively

(10 Cond(A) = |[All>]| AP% .
2)
o ATkl b2
(1) Cond(A,b) = | All2l ATl + =20~ —.
”AT,Sb”2

11



(2)

The following results show that for the generalized AT’ g-inverse for solv-
ing a linear system, the sensitivity of the condition number is approximately
given by the condition number itself.

First, we need the following lemmas.

Lemma 3.2. For 4,0 in Theorem 2.1, there exists S € C™*™ such that
Sv=—u, |[S]2=1,
where S fulfills condition (8).

Proof. Let S = —9*, then SO = —d*d = —|0]|3 = —a. Now let us study
the 2-norm of S
1S]l2 = l[ao*([2 = [la[l2[|o]l2 = 1.

Now we verify that S satisfies condition (8). We have

2) o_ I o N U | oax
AAT7SS— V[OO]VUU— V[O]U—S,
and
(2) _ ~ Ak I 0 * ~ * * I 0 *
SAT7SA = —uvU[O O]U ——u[’u O]UU[O 0 U
= —ﬁ[v* O]U*:—ﬁ@*zs.
Then S fulfills condition (8). O

Lemma 3.3. Let A, G, T and S be the same as in Lemma 1.2, p =
rank(AG), R(AG) = R((AG)*) and R(GA) = R((GA)*). If e — 0, then

2 2 2
max |{|[(A+ E)xllz — [ATkll2| = e APgll2Cond(A) + O(e?),
|E||2<¢||All2

provided that E fulfills the condition (8).
Proof. Since E fulfills the condition (8), we have
2 2 2 2
(A+B)s = ADy = ATKEAR, + O().
Now

max |[(A+ E)Pgll2 — [All2] < e AT 2Cond(A) + O(e?).
|E||2<e||All2

12



Set E = €||A||2S, where S is defined in Lemma 3.2. Then
AL = ATSEAT
> ||(AP — AFKEAT )il
= [T — APSEAD il
= APkt — el A2 AL S A i1
= [14P% 120 — ell AN ALY |2 4P S7]

2

2 ~ 2)
= [ ALGll2 [ + el Al AL

2
= [|AT ]Iz

~ 2 ~
0+ ell All2| ATy 120

2 2
= AZ%ll2 (1 + el Alla | ATK2 ).

2

We now can obtain easily the following results from [7].
Corollary 3.1. [7] Let A, G, T and S be the same as in Lemma 1.2,
p = rank(AG), R(AG) = R((AG)*) and R(GA) = R((GA)*). If the per-
turbation E in A fulfills the condition (8), then the level-2 condition number

. Cond(A+ E) — Cond(A)|
12 Cond?(A) =lim  sup |
( ) ( e—0 1 E|l2<el| A2 eC’ond(A)

satisfies

(13) |Cond® (A) — Cond(A)| < 1.

Corollary 3.2. [7] Let A, G, T and S be the same as in Lemma 1.2,
p = rank(AG), R(AG) = R((AG)*) and R(GA) = R((GA)*). If the per-
turbation E in A fulfills the condition (8), then the level-2 condition number

of linear systems Ax =b, x € T,

(14)  Cond?(A,b) =1lim  sup |Cond(A+ E,b+ f) — Cond(A,b)|

€=0 B3<e| Al eCond(A,b)
I7ll2<elbll2
satisfies
d(A,b 1
(15) C&"f o ) _ s Cond® (A, b) < 3Cond(A,b) + 2,
— _ bl
where ( = A5

13



4 Structured perturbation

In this section we present a structured perturbation of the generalized inverse
Ag)s by means of 2-norm. The notation |A| < |B| means that |a; ;| < |b; ;|
for A = (a;;) and B = (b; ;).

Theorem 4.1. Let A, G, T and S be the same as in Lemma 1.2, p =
rank(AG), R(AG) = R((AG)*) and R(GA) = R((GA)*). If [V*EU| <
|[V*AU| and ||A(T22gE||2 < 1, then

(A+E)Ps = (I + ATE) AT,
where U and V are the same matrices as in (6).

Ey Eipp

Proof. Consider the partition £ =V
4 P [ Es  Eo

and |V*EU| < |[V*AU|, we get
E, FEipo < A O
Ey By || 7| 0 Az ||

It is obvious that E9; = 0, Ej2 = 0 and |Ep| < |A2|. Now, from E =

] U*. From Theorem 2.2

v [ E01 ]_g ] U*, we easy obtain the structure of A + F
2

A+E=V[AI+E1 0 ]Uf

0 As + Es
Since HAgg)SEHQ < 1, we get that I + Ag,?)SE is nonsingular, i.e.

-1
raRp—u | AT G

0 I

is nonsingular. Thus A7'(A; + Ep) is nonsingular and A; + E; is also
nonsingular. It is not difficult to verify that (A + E)YR(G) & N (G) = C™.

14



Hence, (A + E)g?)s exists and

(A+E)Ys = GlA+E)G],

_ [ G1 0 « (A1 +E)G1 0 «
= Ul O]V (V{ . o g
G 0] e, [ GTH AT +HED)™ 0]
= Ul O]VV[ . o
_ [ (A+E)™ 0] .

- U_ 0 0 v

- U_(I+A1151)_1A11 g]v*

= (I+AZE)1AT,.
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