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Abstract

In this paper we study several equivalent conditions related to the
reverse order law for the Moore—Penrose inverse in C*-algebras. We ex-
tend some well-known results to more general settings. Then we apply
this result to obtain the reverse order rule for the weighted Moore-
Penrose inverse in C*-algebras.
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1 Introduction

Let S be a semigroup with the unit 1. If a,b € S are invertible, then
ab is invertible too and the inverse of the product ab satisfied the reverse
order law (ab)™' = b~!a~!. This formula cannot trivially be extended to
the Moore—Penrose inverse of the product ab. In this paper we investigate
necessary and sufficient conditions which are related to the reverse order
law for the Moore—Penrose inverse. The reverse order law for the weighted
Moore—Penrose inverse in C*-algebras follows as a corollary.

Let A be a unital C*—algebra. An element a € A is regular if there exists
some b € A satisfying aba = a. The set of all regular elements of A will be
denoted by A~. An element p € A is idempotent if p> = p. An element
a € A is self-adjoint if a* = a. An element x € A is positive if z = z*
and o(x) C [0,+00), where the spectrum of element z is denoted by o(z).
Notice that, positive elements are self-adjoint. If z € A, then z*x is positive
element.
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The Moore—Penrose inverse (or MP-inverse) of a € A is the element
b € A, if the following equations hold [13]:

(1) aba = a, (2) bab=">, (3) (ab)* =ab, (4) (ba)" = ba.

There is at most one b such that above conditions hold (see [13]), and such
b is denoted by a'. The set of all Moore-Penrose invertible elements of A
will be denoted by A'. If a is invertible, then a' coincides with the ordinary
inverse of a.

Definition 1.1. Let A be a unital C*-algebra and e, f two invertible pos-
itive elements in \A. We say that the element a € A has the weighted
MP-inverse with weights e, f if there exists b € A such that

(1) aba = a, (2) bab=>, (3e) (eba)* =eba, (4f) (fab)* = fab.

The unique weighted MP-inverse with weights e, f, will be denoted by
a;[ s if it exists [11]. The set of all weighted MP-invertible elements of A

with weights e, f, will be denoted by .A;f.

If 0 € {1,2,3,4,3e,4f} and b satisfies the equations (i) for all i € 4,
then b is an d—inverse of a. The set of all d—inverse of a is denote by a{d}.
If b € a{l}, then a is regular. If b € a{1,2} and ab = ba, then a is group
invertible.

Let R be a ring with involution. An element a € R is: left *-cancellable if
a*ax = a*ay implies ax = ay; it is right *-cancellable if zaa* = yaa* implies
xa = ya; and it is *-cancellable if it is both left and right *-cancellable. We
observe that a is left *-cancellable if and only if a* is right *-cancellable. In
C*-algebras all elements are *-cancellable. A ring R is called *-reducing if
every element of R is *-cancellable. This is equivalent to the implication
a*a=0=a=0forall a € R.

Now we formulate the following result, which is well-known and fre-
quently used in the rest of the paper.

Theorem 1.1. [6, 12] For any a € A, the following is satisfied:



(f) a* = ataa* = a*aal;
(g) a' = (a*a)fa* = a*(aa")T;
(h) (a*) = a(a*a)! = (aa*)ta.

Theorem 1.2. [8] In a unital C*—algebra A, a € A is MP-invertible if and
only if a is reqular.

It is useful to express the weighted MP-inverse in terms of the ordinary
MP-inverse.

Theorem 1.3. [11] Let A be a unital C*~algebra and let e, f be positive
invertible elements of A. If a € A is reqular, then the unique weighted

MP-inverse al 7 exists and

al’f — e V2(f20e1/2) T p1/2,

In [7], Greville proved that (ab)’ = bTal holds for complex matrices if
and only if afa commutes with bb* and bb' commutes with aa*. Bouldin
[2, 3] and Izumino [10] generalized this result for closed range operators on
Hilbert spaces. Their proofs are based on operator theoretical methods and
use properties of ranges of operators and gaps between subspaces. In [11], a
proof of the reverse order rule for the Moore-Penrose inverse in the setting
of rings with involution is presented, extending the results for Hilbert space
operators from [2, 3, 10]. This result is formulated as follows.

Theorem 1.4. [11] Let R be a ring with involution, let a,b € R be MP-
invertible and let (1 — ata)b be left *-cancellable. Then the following condi-
tions are equivalent:

(a) ab is MP-invertible and (ab)’ = blal;
(b) afabb* = bb*ata and bbla*a = a*abb?.

Necessary and sufficient conditions for the reverse order rule for the
weighted MP-inverse for matrices were given by Sun and Wei in [14] in terms
of the inclusion of matrix ranges (column spaces). In [11], the result for the
reverse order rule for the weighted Moore-Penrose inverse in C*-algebras is
proved, generalizing the matrix results in [14].

Tian [15, 16] studied a group of rank equalities related to the Moore—
Penrose inverse of products of two matrices, which implies necessary and
sufficient conditions for (ab)’ = bfal. The extensions of these results to the



weighted Moore—Penrose inverse are considered too. The operator analogues
of these results for the Moore—Penrose inverse are proved in [4, 5] for linear
bounded operators on Hilbert spaces, using the matrix form of operators
induced by some natural decomposition of Hilbert spaces.

In this paper we present a purely algebraic proof of some equivalent con-
ditions related to the reverse order law for the Moore—Penrose inverse in C*—
algebras, extending the known results for matrices [15, 16] and Hilbert space
operators [4, 5|. We show that neither the rank (in the finite dimensional
case) nor the properties of operator matrices (in the infinite dimensional
case) are necessary for the proof of the reverse order rule for the Moore—
Penrose inverse valid under certain conditions on regular elements. Thus
we extend some recent results to more general settings. As a corollary we
obtain the reverse order law for the weighted Moore—Penrose inverse.

2 Reverse order law in (*—algebras

In this section, we present necessary and sufficient conditions for the reverse
order law for the Moore—Penrose inverse to hold. The first list of some
equivalent statements is given below.

Theorem 2.1. Let A be a unital C*—algebra and let a,b € A~. Then the
following conditions are equivalent:

(a) abblalab = ab;
(b) bratabblal = blal;

(c) a'abbl = bbTata;

(d) afabbt is an idempotent;
(e) bbtala is an idempotent;
(f
(g) (aTabb")t = bbiala.

Proof. We can easy get that ab € A~ < alabbl € A™.
(a) = (c): From abb'alab = ab, we obtain afabb’(1 — a’a)b = 0 and

bi(atabbh)Tal = bial;

ala(@)* (1 —a'a)b)* (1 —afa)b = ala(®)*v*(1 —a'a)(1 —a’a)b
= alabb’(1 —ala)b
= 0. (1)



Because all elements are *-cancellable in C*-algebra, we get
ala(d)*((1 — a'a)b)* = 0.
This equality implies afabb’(1 — afa) =0, i.e.
alabb’ = aabb’ala. (2)
Now, by (2), we have
alabb’ = alabb’ala = (a'abbia’a)* = (alabb’)* = bb'ala.

Hence, the condition (c¢) holds.
(c) = (d): By the equality afabb! = bbia’a, we get the condition (d):

ala(bblala)bb’ = aTaa’abb'vb! = alabb.
(d) = (a): Multiplying the assumption
a’abb’ = a'abblalabb’

by a from the left side and by b from the right side, we have that ab =
abbla’ab. Therefore, the condition (a) is satisfied.

(d) < (e): Applying the involution to afabb’ = afabblatabb!, we get
bbtata = bbtatabblata. The opposite implication is analogous.

(b) = (e): The condition bfa’abb’a’ = bTa’ implies

b(b'a"a = bbTalabblala.
(e) = (b): Multiplying the hypothesis
bbTata = bblatabblala
by b' from the left side and by af from the right side, we get that the
condition (b) holds: bfal = bfafabbial.
(d) = (g): Assume that a'abb’ = afabbia’abb’. Then the condition (c)

holds, so (g) follows trivially.
(g) = (d): Using the assumption (a'abd")f = bbfa’a, we have

alabbTalabbl = aTabbf (bbTa’a)atabb’ = alabbf (aTabb") alabbl = aTabbl.
(g) = (f): If (aTabb®)t = bbTala, then

bl (aTabb)Tal = bibbTataa’ = blal.



(f) = (g): Suppose that bf(atabb’)ta’ = bfat holds. Then

alabb! (bbTala)aTabb’ = aab(bTa)abb’ = a'abb (aTabb’)Tatabb’ = alabbl,

bolata(alabbMbblata = bbTa")ab(bTat)a = bb'(atabb’)Talabb (aTabb") aTa
b(b' (aTabb")TaM)a = bblala,
(aTabbTbblata)* = alabbibblala,
(bbTa’aatabb’)* = bblalaalabd!.

Hence, (afabb®)t = bbtala holds. O

The second list of equivalent statements follows.

Theorem 2.2. Let A be a unital C*—algebra and let a,b,ab € A~. Then
the following conditions are equivalent:

(a) ab(ab)t = abblal;
(b) a*ab = bbfa*ab;
(c) a*abb! = bbfa*a;
(d) bial € (ab){1,2,3};

(e) blal € (ab){1,3};

(f) b{1,3}-a{l,3} C (ab){L,3};
() ab(ab)ta = abb;
(h) (abb?)t = bblal;
(i) bf(abbh)T = bfal.

Proof. Observe that ab € A~ < abbt € A™.
(a) = (b): Since ab(ab)! = abb'al and ab(ab)' is self-adjoint, then

abb'a’ = (abbTa’)* = (a')*bbTa*
and

a*ab = a*ab(ab)Tab = a* (abb'a)ab = a*(a")*bbTa*ab = aTabbla*ab.  (3)



Using the hypothesis ab(ab)! = abblal, we get abblalab = ab(ab)fab = ab.
This equality implies, by Theorem 2.1 (parts (a) and (c)), afabb’ = bbiala.
Now, from (3), we obtain
a*ab = (a'abb’)a*ab = bblataa*ab = bbia*ab.
(b) = (c): If a*ab = bbfa*ab, we have
a*abb’ = bbTa*abb’ = (abb')*abb!. (4)
The right hand side of (4) is self-adjoint, which implies
a*abb’ = (a*abb’)* = bbla*a.
(c) = (d): From a*abbl = bba*a, we obtain
abblal = aaabbla’ = (a")*(a*abb)a’ = (a')*bb'a*aa’ = (a")*bbTa*.  (5)

Then
(abb'a®)* = ((a")*bbla*)* = abbial. (6)

Using (5) and (c), we get
(abbTaMab = (a")*(bb'a*a)b = (a’)*a*abb’ = ab. (7)
Also,

blaTabb'a® = bla*(a")*bblalaa’ = bTa*((a")*bbTa*) (a’)*al
= bl(a*abbh)a’(a')*a’ = bbb a*aa’ (af)*al

bla*(af)*a’ = blal. (8)
By (6), (7) and (8), we conclude that bfa’ € (ab){1,2, 3}.
(d) = (e): This part is obvious.
(e) = (f): Suppose that a(13) € a{1,3} and b(13) € b{1,3}. Notice that
aa(l,?)) _ (aa(l,S))* _ (a(l,S))*a* _ (a(l,S))*(aaTa)*
(@) *a*aat = aaMPaal = aal. (9)

Since abbia’ab = ab, by Theorem 2.1 (parts (a) and (c)), we have afabb! =
bbia'a. From this equality and (9), we get

abb a3 = q(afabbh) o = abbtataat?®) = abbfalaa’ = abblal. (10)



Because bfal € (ab){3}, then the element abbfal is self-adjoint and we de-
duce, from (10), that abb®3)a13) is self-adjoint. So, b(+3a1:3) € (ab){3}.
Using the equality (10) and the assumption bfal € (ab){1}, we get

abb®® a3 gb = abblatab = ab,

i.e. b13)a(13) € (ab){1}. Hence, the condition (f) holds.
(f) = (a): Since bf € b{1,3} and a' € a{1, 3}, by the hypothesis b{1,3} -
a{1,3} C (ab){1, 3}, it follows that bla’ € (ab){1,3}. This implies

ab(ab) = (ab(ab)’)* = (abb'alab(ab)?)*
= (ab(ab)")*(abb'al)* = ab(ab)abb'a’
= abblal.

(a) = (g): The equality ab(ab)t = abblal gives abblal = (a)*bbla* and
(¢), by the previous part of the proof. Now

ab(ab)a = (abb'a)a = (a')*(bb'a*a) = (a")*a*abb’ = abb'.
(g) = (b): Applying ab(ab)fa = abb’, we have
a*ab = a*ab(ab)Tab = (ab(ab)Ta)*ab = (abb')*ab = bb'a*ab.
(d) = (h): Suppose that bial € (ab){1,2,3}. Then
abb (bbTa)abb" = (abbTa’ab)b’ = abb,
bbTal (abb")obiat = b(balabbla’) = bbial,
(abb'bbTa")* = (abba’)* = abb'al,
(bbTaTabb?)* = bblalabb’.
Hence, (abb")" = bblal.
(h) = (d): The condition (abb!)t = bbfat implies
abbla’ab = (abb'bbTa’abb)b = abb’b = ab,
blaTabbTal = bt (bbTaTabbTbbTal) = bibbTal = biafl,
(abb'a™)* = (abb'bb'a)* = abbTbblal = abbal.

Thus, bfal € (ab){1,2,3}.
(h) = (i): Obvious.



(i) = (h): Assume that bf(abb’)’ = bTa’ holds. Now, we have

abbbblalabb’ = ab(bTa")abb’ = abb! (abb’)Tabbl = abb!,

bolaTabbibbial = b(bia)ab(ba’) = bb (abb’)Tabb! (abb")T
b(bT (abb")T) = bblal,

(abb'bbTa")* = (ab(b'a’))* = (abb'(abb’)T)* = abb (abb")T
= abbla’ = abbibblal,
(bbTaTabb")* = bblalabb!.
So, we deduce that (abb")T = bbfal holds. O

Theorem 2.3. Let A be a unital C*—algebra and let a,b,ab € A~. Then
the following conditions are equivalent:

(a) (ab)fab = biatab;
(b) abb* = abb*ata;
c) bb*ata = atabb*;

(c) bb
(d) bial € (ab){1,2,4};

(e) blal € (ab){1,4};

(f) b{1,4} - a{1,4} C (ab){1,4};
(g) blab)tab = a'ab;

(h) (afab)t = btala;

(i) (afab)fal = btat.

Proof. Notice that ab € A~ < afabc A™.
(a) = (b): Since (ab)fab = blatab and (ab)tab is self-adjoint, it follows
that
blatab = (bTa’ab)* = b*ala(bh)*.
Then

abb* = ab(ab)Tabb* = ab(b'a’ab)b* = abb*a’a(b’)*b* = abb*alabb!. (11)



Using the assumption (ab)fab = bfalab, we obtain abb'atab = ab(ab)tab =
ab. By Theorem 2.1 (parts (a) and (c)), this equality gives afabb’ = bblala.
So, from (11), we get

abb* = abb*(aTabb’) = abb*bbTala = abb*a'a.
(b) = (c): By the condition abb* = abb*a’a, we have
alabb* = a'abb*a’a = a'ab(alab)*. (12)
The right hand side of (12) is self-adjoint, which gives
alabb* = (aTabb*)* = bb*a'a.
(c) = (d): The hypothesis bb*a’a = afabb* gives
blaTab = blalabb’b = b (atabb*)(b)* = bbb ala(b!)* = b*ala(b’)*. (13)

Now
(bTalab)* = (b*ata(d))*)* = blalab. (14)

From the equalities (13) and (c), we obtain
ab(b'atab) = a(bb*a’a)(b')* = aalabb*(bT)* = ab (15)
and

blaTabb’a® = bTbbTaTa(b’)*b*a’ = b1 (bT)* (b*ala(b!)*)b*al
bT(b1)*bT (alabb®)a = bl (bT)*bTbb*alaal
b (b)*b*al = blal. (16)
Hence, by (14), (15) and (16), it follows that bfal € (ab){1,2,4}.
(d) = (e): Obviously.
(e) = (f): Assume that o™ € a{1,4} and b('¥) € b{1,4}. Observe
that

a(1,4)a _ (a(1,4)a)* _ a*(a(1,4))* _ (aaTa)*(a(lA))*

= alaa* () = afaaMYa = ala. (17)

It is well known that the hypothesis bfal € (ab){1} implies afabb! = bbfata.
By this and (17), we obtain

b1V = b0 (o abb’ b = b YbbTatab = bibbTatab = blafab.  (18)

10



Now the condition bfat € (ab){4} implies that b(:Ha4 € (ab){4}. From
the equality (18) and the assumption bial € (ab){1}, we get

abb®Y Y b = abbTatab = ab.

Thus, b(MHa(l4 € (ab){1} and the condition (f) is satisfied.
(f) = (a): Because b’ € b{1,4} and a' € a{l,4}, from the assumption
b{1,4} - a{l1,4} C (ab){1,4}, we get bla’ € (ab){1,4}. Then

(ab)fab = ((ab)Tab)* = ((ab)Tabb'a’ab)*
= (b'a’ab)*((ab)Tab)* = blalab(ab)Tab
= blalab.

(a) = (g): The equality (ab)fab = bfafab implies bfafab = v*ala(bl)*
and (c), by the previous part of the proof. Then

b(ab)Tab = b(bTaab) = (bb*a'a)(b")* = a’abb* (b")* = a'ab.
(g) = (b): From b(ab)tab = a'ab, we obtian

abb* = ab(ab)Tabb* = ab(b(ab)Tab)* = ab(aTab)* = abb*aa.
(d) = (h): Assume that bfal € (ab){1,2,4}. Now

alabb’alaalab = a'(abbTa’ab) = alab,
blataaTabblata = (bTaabb’a)a = blala,
(aTabbla’a)* = alabb'ala,
(blaTaaTab)* = (bTaab)* = blatab = blaTaa’ab.

Thus, by definition, (afab)! = bfata.
(h) = (d): If (afab)! = bla'a, then

abbtatab = a(a’abblataatab) = aa’ab = ab,
blatabblal = (blataatabbiala)a’ = blataa’ = blal,
(bTaTab)* = (bTaTaa’ab)* = blataaTab = bla'ab.

Therefore, bTa® € (ab){1,2,4}.
(h) = (i): Obvious.
(i) = (h): Applying the equality (afab)Ta’ = bTal, we have

alabb’alaalab = aTab(bla’)ab = a'ab(a’ab)Talab = a'ab,

11



blataatabblata = (bTab)ab(bial)a = (atab)Talab(atab) ala
= ((aTab)faNa = bla'a,

(aTabbTala)* = alabbiala,

(bTaTaatab)* = ((b'ah)ab)* = ((aTab)talab)* = ((aTab)Ta)ab
= blaTab = blataalab.

Hence, (afab)’ = blafa. O

The combination of Theorem 2.2 and Theorem 2.3 yields a group of
equivalent conditions for (ab)’ = bfal to hold. Notice that the equivalences
(c) and (d) of the following theorem appear in [9, Lemma 5].

Theorem 2.4. Let A be a unital C*—algebra and let a,b,ab € A~. Then
the following conditions are equivalent:

(a) (ab)t =blal;

(b) ab(ab)t = abbta’ and (ab)Tab = blalab;
(c) a*ab = bbla*ab and abb* = abb*ala;
(d) a*abb! = bbia*a and bb*a’a = a'abb*;
e)

(e) bla' € (ab){1,3,4};
(f) b{1,3}-a{1,3} C (ab){1,3} and b{1,4} - a{l,4} C (ab){1,4};

b
(g) ab(ab)ta = abb’ and b(ab)Tab = alab;
(h) (abbh)t = bblal and (afab)l = blata;
(i) bf(abb")t = blal and (aTab)Ta’ = bial.

Remark. The preceding theorems hold in rings with involution assum-
ing that (1 — afa)b is left *-cancellable. This hypothesis is automatically
satisfied in C* and *-reducing rings. Hence we recover the results in [4, 5]
for Hilbert space operators. The results of Tian [16] are obtained as a special
case of our results.

In the following theorem, we prove another group of equivalent conditions
for (ab)t = btal to be satisfied.

12



Theorem 2.5. Let A be a unital C*—algebra and let a,b,ab € A~. Then
(ab)t = blal if and only if (ab)! = bi(alabb")Tal and any one of the following
equivalent conditions holds:

(a) abbfalab = ab;
(

b) blatabblal = blal;

)

)

(c) a'abbl = bbTata;

(d) afabbt is an idempotent;
)
)
)

(e) bbtala is an idempotent;
(f) bf(afabb)Tal = blat;
(g) (atabb®)t = bbiala.

Proof. = : From the equality (ab)! = bfal, we get abb’a’ab = ab. Thus,
by Theorem 2.1, the conditions (a)-(g) are satisfied and (ab)! = bfal =

bi(atabbh)Tal
<= : Conversely, the conditions (a)-(g) imply bfa’ = bf(afabbl)fal.
Now the hypothesis (ab)" = bT(aTabb’)Tal gives (ab)! = bial. O

The condition (ab)’ = bf(atabb!)fal in Theorem 2.5 can be replaced by
some equivalent conditions, as it can be seen in the following theorem.

Theorem 2.6. Let A be a unital C*—algebra and let a,b,ab € A~. Then
the following statements are equivalent:

(a) (ab)t = bt (afabbh)tal
(b)
(c)
(d)
(e)
(f

(g

atabb")T = b(ab)Ta;
ab)" = (atab)ta’ = bT(abb?)T;

atab)t = bf (atabd")T and (abb®)t = (afabb®)ial;

(
(
(atab)t = (ab)ta and (abb")T = b(ab)';
(
(ab)T = b*(a*abb*)Ta*;

(

)
)

a*abb*)t = (b*)T(ab)t(a*)T.

13



Proof. We can easily see that ab € A~ < a*abb* € A™.
(a) = (e): By the hypothesis (ab)" = b (aTabb!)Tal, we have

alabb'(a'abb’)alab = a'ab(ab)Tab = a'ab,

b (aTabb’)Talabb! (atabb®)T = bf (aTabbh)T,
(aTabb! (aTabb"))* = alabb’ (aabb®)T,
(b (aTabb")TaTab)* = ((ab)Tab)* = (ab)Tab = b'(a'abbl)Talab.

So, (afab)t = bf (afabb?)t.
Similarly
abb' (atabb")Tatabb’ = ab(ab)Tabb’ = abb',

(atabb")TaTabbl (atabb")al = (atabb)Tal,
(abbT(aTabbT)TaT)* — (ab(ab)f)* _ ab(ab)T _ abbT(aTabbT)TaT,
((atabdh)Talabbt)* = (alabdl)Talabb!.

Thus, (abb")T = (atabb’)al.
(e) = (a): The conditions (afab)’ = bf(atabb!) and (abd")T = (afabb?)tal
imply

abb' (atabb’) T alab = aa’abb’ (a'abb?)alabb’d = aa’abb’b = ab,
b (aTabb)Taabb' (atabb’)Tal = bT(alabb®)Tal,
(abb (aabb?)tal)* = abbl (a’abb’)al,
(b (aTabb")TaTab)* = bl (aTabb")Talab,
i.e. (ab)t = bf(afabbt)tal.
(b) = (a): From the equality (a'abb")T = b(ab)ta, we get

abb'(atabb’)Talab = abb’b(ab)Taa’ab = ab(ab)Tab = ab,

b (atabbh)Talabdt (aTabd")Ta® = bTb(ab)aalabb’b(ab)taal
bTb(ab)tab(ab) aal

bib(ab)taal

= bi(afabbl)Tal,

14



(abb (aTabb)a’)* = (abb'b(ab)Taa’)* = (ab(ab)iaa’)*
aatab(ab)t = ab(ab)’ = (ab(ab))*
(aatab(ab)")* = ab(ab)aa'

= abb'b(ab)Taa’ = abb'(aTabb)al

(b (atabbl)TaTab)* = (bTb(ab)Taatab)* = (b'b(ab) ab)*
(ab)Tabb’s = (ab)Tab = ((ab)Tab)*
((ab)Tabbb)* = bTb(ab) ab
= bib(ab)Taa’ab = b (a'abb?)Talab.

Therefore, (ab)" = bT(aTabb’)Tal

(a) = (c): Assume that (ab)’ = b (aTabb")Ta’ holds. Then the condition
(e) holds and (ab)f = (afab)fa’ = bt (abbh)t.

(c) = (d): The hypothesis (ab)’ = (afab)Tal implies

afab(ab)Taatab = a'ab(ab)Tab = alab,
(ab)Taaab(ab)Ta = (ab)tab(ab)'a = (ab)ia
(aTab(ab)fa)* = (a'ab(a’ab)lala)* = aTaa’ab(a’ab)t
= alab(a’ab)’ = (a'ab(a’ab)")*

= (afaa’ab(a’ab)’)* = alab(aTab)iala
afab(ab)ta

((ab)Taa’ab)* = ((ab)Tab)* = (ab)Tab = (ab)Taalab.
Thus, (a'ab)’ = (ab)Ta. By an analogy, from (ab)’ = bf(abbh)T, we obtain
abb'b(ab)Tabb’ = ab(ab)tabbl = abb!,
b(ab)Tabb'b(ab)’ = b(ab)Tab(ab) = b(ab)T,
(abb™b(ab)")* = (ab(ab)")* = ab(ab)" = abb'b(ab)T,

(b(ab)Tabb")* = (bbf(abbl)Tabb’)* = (abbT) abbTbb!
= (abb)Tabb! = ((abd")Tabb!)*
= ((abb")Tabb'bd’)* = bbl (abb!)Tabb’
b(ab)Tabb!.
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So, we deduce that (abb")" = b(ab)T.
(d) = (g): Suppose that (aTab)" = (ab)Ta and (abb?)! = b(ab)'. Now,
a*abb* (b*)T(ab)T(a*)Ta*abb* = a*abb'b(ab) aalabb*
= a*ab(ab)fabb*

= a*abb",

()T (ab) T (a*)Ta*abb* (6*)T (ab) (@)t = (b%)T(ab)Taa’abblb(ab)' (a*)T
= (b*)"(ab)iab(ab)!(a*)!
= (b")(ab)¥(a")T,

(a*abb* (b*)T(ab)T (a*)1)* = (a*abb'b(ab)(a*))* = (a*ab(ab)f(a*)T)*
= a'ab(ab)Ta = (aab(ab) a)*
= a*ab(ab)T(a*)" = a*abbTb(ab)T (a*)T
= a*abb*(b*)(ab) (a*)T,

()T (ab)T(a*)Ta*abb®)* = ((b*)T(ab)Taatabb®)* = ()T (ab) abb*)*

= b(ab)Tabb’ = (b(ab)Tabb)*
= ()1 (ab)Tabb* = (b*)T(ab) aalabb*
= ()1 (ab)T(a*) a*abb*

Therefore, (a*abb*)t = (b*)(ab)t(a*)T.

(g) = (f): From the condition (a*abb*)! = (b*)7(ab)T(a*)!, we get
b*(a*abb*)Ta* = b*(b*)(ab)t(a*)Ta* = bTb(ab)taa’. Then, in the same way
as in the proof of (b) = (a), we conclude (ab)" = b*(a*abb*)Ta*.

(f) = (b): If (ab)T = b*(a*abb*)Ta*, then

alabb’b(ab)Taa’abb’ = a'ab(ab)Tabb’ = alabb,

b(ab)aa’abb'b(ab)Ta = b(ab)Tab(ab)a = b(ab)'a,

(aTabb'b(ab)Ta)* = (aTab(ab)Ta)* = a*ab(ab)f(a’)*
= a*abb*(a*abb*) a* (a")* = (a'aa*abb* (a*abb*)T)*
= (a*abb*(a*abb*)")* = a*abb*(a*abb*)T
= alaa*abb*(a*abb*)" = (a*abb* (a*abb*)Ta* (aT)*)*
= (a*ab(ab)t(a")*)* = aab(ab)ia
= a'abb'b(ab) a,
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(b(ab)Taatabb’)* = (b(ab)Tabb’)* = (b7)*(ab)Tabb*

(b)) b* (a*abb*)Ta*abb* = ((a*abb*)Ta*abb*bbl)*

= ((a*abb*)Ta*abb*)* = (a*abb*)Ta*abb*
(a*abb®)Ta*abb*bb" = ((b7)*b*(a*abb*)Ta*abb*)*
((b")*(ab)Tabb*)* = b(ab)Tabb’

= blab)Taa’abb'.

Hence, (afabb®)t = b(ab)ta. O

3 Reverse order law for the weighted MP-inverse

We can also consider reverse order law for the weighted Moore-Penrose in-
verse. Based on the results in Section 2, we now can establish various
equivalent conditions related to the weighted MP-inverse of a product of
elements in C*—algebra.

Corollary 3.1. Let A be a unital C*—algebra and let e, f, h be positive in-
vertible elements of A. If a,b € A are regular, then the following conditions
are equivalent:

(a) abbl’fa}’hab = ab;

N

(b) bT e, f fh:

e f fha,bb

e.f fh
(c) anvhabb;f = bb;fa}’ha;
(d) an habbz 7 15 an idempotent;

(e) bbz fa;rc »@ is an idempotent;

(£) bl (afpabbl )} pafy = bl jal s
(g) (a}’habb;f)}’f = bb;fa}’ha.

Proof. (a) < (b): Suppose that a; = h'/?af~1/? and by = f/2be~1/2. Then
aibi = h'2abe=1/? and a1, by are regular 1f and only if a, b are regular,
respectively. From Theorem 1.3, we have a = f- 1/2(hl/2af 1/2)tp1/2 =

f- 1/2 Ihlﬂ and be _ _1/2(f1/2be_1/2) f1/2 _ 6—1/2be1/2'
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It is easy to verify that the condition abbj3 fa} pab = ab holds if and

only if alblb a1a161 = a1b;. By Theorem 2.1, this is necessary and suffi-

cient condltlon for the equahty blalalblbiai = b1a1 which is equivalent to

T T
bef fhabbef fh bef f.h
The rest of the proof follows analogously. We only mention that a} habbl’ f
is regular < ffl/ZaIalblbifl/Q is regular < aialblbl is regular and, by The-
orem 1.3, (ah,abb )b o = (f712afarbid] f/2)} , = f7Y2(alarbyb) £1/2.
O

In order to prove Corollary 3.1 (and other corollaries in this section)

in ring with involution we need to assume that (1 — a} pa)b is left *ef -

cancellable where the function *e,fis not general an involution. Hence, it is
not enough to assume that an element is just cancellable.

Let e, f be positive invertible elements of a unital C*-algebra A and
define z*¢f = e~ 1a* f.

Corollary 3.2. Let A be a unital C*-algebra and let e, f, h be positive
invertible elements of A. If a,b,ab € A are regular, then the following
conditions are equivalent:

(a) ab(ab) h:abb N fh’

(b) a*Fab = bb! ,a*Fhab;
(c) a*f’habb;f = bb;fa*f’ha;

(d) bf al, € (ab){1,2,4h};

ef
(e) bl sal, € (ab){1,4n};

(£) b{1,4f} - a{1,4h} C (ab){1,4h};
(2) ab(ab)gha = abb;f,

(h) (abbl,f) b= bbef fhs

(i) bi,f(abb;f) h bef f.h

Proof. (a) < (b): Let a; = h'2af~'/2 and by = fY/2be='/? as in the
previous corollary. Thus a1b; = hY/2abe=1/2 and a1, by, ajby are regular
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if and only if a, b, ab are regular, respectively. By Theorem 1.3, we get
(ab)! ), = e7Y2(ayb1)ThY/2 and b} jal, = e~1/2b]aln1/2.
Now, by Theorem 2.2,

ab(ab);h = abb;fa}’h & albl(albl)T = alblbiai
= a”{albl = blbiay{albl
& a*flhab = bbz fa*f’hab.
The rest of the proof follows analogously. O

Corollary 3.3. Let A be a unital C*—algebra and let e, f, h be positive
invertible elements of A. If a,b,ab € A are regular, then the following
conditions are equivalent:

(a) (ab)! ,ab="b] ;al,ab;
(b) abb*ef = abb*e’fa}’ha;

(c) bb*e’fa}ha = a},habb*e:f;
(d) bf al, € (ab){1,2,3¢};

(e) bl sal, € (ab){1,3e};
(f) b{1,3e}-a{1,3f} C (ab){1,3e};

(2) b(ab)Lhab = a}hab;
(h) (a},hab)i,f = bi,fa},ha;

(i) (al,ab)! jal, =0 sal,.

Proof. Let a1 and by be the same as in the previous corollary. For conditions
(a)—(g) we can find the equivalent expressions in terms of a; and by, and
apply Theorem 2.3 to finish the proof. O

The combination of Corollary 3.2 and Corollary 3.3 gives a list of equiv-
alent conditions for (ab)z h= bl fa} , to hold.

Corollary 3.4. Let A be a unital C*-algebra and let e, f, h be positive
invertible elements of A. If a,b,ab € A are regular, then the following
conditions are equivalent:
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(a) (ab)!, =bl al,;

(b) ab(ab)lvh abbe fafh and (ab) nab= bl fafhab

(c) a*Fhab = bbz,fa*f’hab and abb*¢f = abb*evfa]},ha;

(d) a*Fhabb! , = bb! ,a*Fha and bb*al a0 = al ,abb ! ;

(e) bTJ ayy, € (ab){1,3e,4h};

(f) b{1,3e}-a{l,3f} C (ab){1,3e} and b{1,4f} - a{l,4h} C (ab){1,4h};
(g) b(ab) a= abbT and b(ab);hab = a}’hab;

(h) (abb ) n= bb afh and (afhab) g = b6 fafha

(i) bl, (abb )fh = b afh and (afhab) afh = befafh

Corollary 3.5. Let A be a unital C*—algebra and let e, f, h be positive
invertible elements of A. If a,b,ab € A are regular, then the following
statements are equivalent:

(a) (ab)!, =0l ,(a},abb! )F ol

(b) (a fhabb )ff = b<ab)e 4

(c) (ab)eh = (othab)6 fafh = bef(abb )fh’

(d) (af hab) 4= (ab) »a and (abb )fh = b(ab)e s

(e) (al,ab)! ;= bl ((al,abb] )i . and (abb] ), = (a},abb] )} b,
(£) (ab)!, = b*f (a*Fhabb ed)l ot

() (a*frabbed)l = bty S<(ab)! | (aT)™ 7.

Proof. Let a1 and b; be the same as in Corollary 3.1. Applying Theorem 2.6
to the equivalent expressions, in terms of a; and by, for conditions (a)—(g)
we prove this corollary. O

In the result result we present again some equivalent conditions for the
reverse order rule for the weighted Moore-Penrose inverse.
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Corollary 3.6. Let A be a unital C*-algebra and let e, f, h be posztwe
invertible elements of A. If a,b,ab € A are reqular, then (ab) h= bef Ih
if cmd only if (C.Lb.)e’h = b;f(afyhabbevf)ﬂfaf,h and any one of the following
equivalent conditions holds::

(a) abb;fa}’hab = ab;

(b) bl yaf pabbl paf), = bl paj;
(c) a}’habbl’f = bbl’fa}ha;

(d) anvhabb;f is an idempotent;
(e) bblfa},ha is an idempotent;

T
() bf pla}pabb] )] afy, = BL pal

(2) (afhabb )ff—bb 7faf’ha

Proof. This proof follows from Corollary 3.1 in the same way as in the proof
of Theorem 2.5. O

Notice that in Corollary 3.6 the condition (ab)Lh = bly (al habbe f)f 7 J},
can be replaced with some equivalent conditions from Corollary 3.5.

Arghiriade [1] proved that (ab)" = bfal holds if and only if a*abb* is EP,
i.e. a*abb* commutes with its Moore-Penrose inverse. The conjecture is: Is
there a similarly result involving weighted MP inverse?

4 Conclusions

In this paper we consider a number of necessary and sufficient conditions re-
lated to the reverse order law for the Moore—Penrose inverse in C*—algebras.
Applying this result we obtain the equivalent conditions for the reverse order
rule for the weighted Moore-Penrose inverse of elements in C*-algebras. All
of these results are already known for complex matrices and some of them
for closed range linear bounded operators on Hilbert spaces. However, we
used the different technique in proving the results. In the theory of com-
plex matrices various authors used the matrix rank to prove the equivalent
conditions related to the reverse order law. In the case of linear bounded
operators on Hilbert spaces, it seems that the method of operator matrices
is very useful. In this paper we applied a purely algebraic technique. It
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could be interesting to extend this work to the Moore—Penrose inverse and
the weighted Moore-Penrose inverse of a triple product.

Acknowledgement. We are grateful to the referee for helpful com-
ments concerning the paper.
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